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We present novel sweeping ordering algorithms for the restoration of partially damaged fingerprint images using
a partial differential equation (PDE). To efficiently and numerically solve the PDE in the discretized domain, we
use the proposed sweeping ordering algorithm in conjunction with a Gauss-Seidel-type update method and an
isotropic Laplacian operator. To achieve accurate and stable restoration, we use the information surrounding the
damaged region as Dirichlet boundary conditions and propose a method to match the amplitude and wavelength

of the damaged fingerprint image with the numerical solution. The proposed sweeping ordering algorithm starts
at an interior point adjacent to a boundary point and spirals inward from this point. In this process, it visits all

interior points progressively.

1. Introduction

Fingerprint recognition is regarded as one of the most dependable
and extensively adopted biometric authentication technologies in var-
ious fields, including civil identification, forensic investigations, and
commercial security systems [1]. Due to their unique and immutable
characteristics, fingerprints provide the advantage of low implemen-
tation and processing costs. These benefits have made fingerprint au-
thentication a widely accepted and popular choice for security appli-
cations. Although other biometric technologies, such as iris, palm, and
face recognition, along with hybrid systems, have advanced, their adop-
tion is primarily dependent on cost-effectiveness. Recently, machine
learning and deep learning technologies have demonstrated excellent
performance in the image processing field, playing a significant role
in security applications such as facial recognition and fingerprint au-
thentication. However, despite the robustness of fingerprint recognition
systems, their accuracy heavily relies on the quality of the input fin-
gerprint images. In real-world scenarios, fingerprint images are often
compromised by imperfections such as low contrast, blurred ridge pat-
terns, scratches, fractures, or occlusions. To improve ridge continuity
and minimize incorrect or redundant minutiae, it is crucial to recon-
struct degraded fingerprint images, especially those with low contrast
and poorly defined ridge boundaries [2,3].

Fingerprints exhibit diverse structural patterns, generally classified
into three major categories: loops, whorls, and arches. Loops are the
most common, characterized by ridges that enter and exit on the same
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side of the finger. Whorls display circular or spiral-like patterns, while
arches are simpler, with ridges flowing continuously from one side to the
other without looping. The variations in these patterns, combined with
individual-specific minutiae points, make fingerprints unique. However,
the diversity in fingerprint patterns also poses a challenge for restora-
tion techniques, as different patterns may require tailored algorithms to
reconstruct ridge structures accurately.

The types of damage that affect fingerprint images can vary
widely depending on the acquisition process, environmental conditions,
and physical handling. Common forms of damage include scratches,
smudges, and partial obliteration of ridge patterns. For example, ridge
modeling approaches have used contextual information to restore intri-
cate ridge structures lost in damaged areas [4]. A trustworthy and sta-
ble method has been proposed to resolve the challenges in fingerprint
recognition caused by geometric distortions by using a novel feature,
the Middle of the Triangle’s Side (MTS), derived from minutiae trian-
gles [5]. The method resolves various uncertainty factors in fingerprint
image quality, enabling the rapid detection and removal of low-quality
images to ensure that AFIS processes only high-quality ones [6]. These
innovative methods highlight the adaptability of advanced restoration
techniques to various types of fingerprint damage.

Recent machine learning techniques have introduced diverse meth-
ods for restoring damaged fingerprint images. For example, ma-
chine learning-based algorithms, such as convolutional neural networks
(CNNs) [7-11] and generative adversarial networks (GANs) [12-14],
have demonstrated remarkable success in fingerprint restoration tasks.
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Fig. 1. (a) User-selected damaged domain Q,, with boundary 99, in the whole domain Q. (b) Discretized domains: user-selected damaged discrete domain Q¢
(open circles) with discrete boundary aﬁf’” (filled circles) in the whole discrete domain Q7. (c) Clockwise sweeping ordering for updating the numerical solution. (d)

Counterclockwise sweeping ordering for updating the computational solution.
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Fig. 2. Temporal evolution results of the nonlocal CH with the lamellar phase.
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Fig. 3. The schematic illustration of fingerprint image restoration mechanism. Reprinted from [25], with permission from Elsevier.
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Fig. 4. Temporal progression of the damaged fingerprint image within the user-defined domain across various iterations (ir). From left to right, the specified iterations
are it = 0, 100, 500, and 1000. Modified from [25], with permission from Elsevier.
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Fig. 5. Contour plots generated for the synthetic pattern images of (a) f, and
®) /o

Advanced methods, such as Unet-based models for segmenting and re-
constructing latent fingerprints, have further enhanced the ability to re-
cover fine details from noisy and incomplete images [15]. Furthermore,
Pix2Pix conditional generative adversarial networks (cGANs) have been
used to reconstruct degraded regions and achieve high restoration ac-
curacy by leveraging triplet loss functions [16]. The KNN-SVD based
method [17] restores damaged fingerprint regions through similar patch
matching and singular value refinement, and shows potential for im-
proving recognition performance even on degraded fingerprints.

In addition to machine learning techniques, mathematical models
have provided a robust framework for resolving fingerprint restoration
problems. Partial differential equations (PDEs) have gained attention
for their ability to model complex restoration tasks by considering local
and nonlocal properties of the image. The phase-field model has gained
prominence for its ability to model complex restoration tasks by incor-
porating both local and nonlocal properties of the image. These models
have been extensively applied in various image processing tasks, includ-
ing image segmentation [18], shape transformation [19], and inpainting
[20,21]. Furthermore, active research has been conducted to develop ef-
ficient numerical methods and to apply extensions of the model, broad-
ening its applicability to various contexts [22-24]. Li et al. developed
an efficient method for fingerprint restoration using a nonlocal Cahn—
Hilliard (CH) equation, which demonstrated excellent performance in
reconstructing ridge patterns and maintaining smooth transitions across
damaged regions [25]. Similarly, Lee et al. developed a semi-automatic
method using the CH equation with a source term. The method mini-
mizes user intervention by automatically determining the necessary pa-
rameter values, thereby simplifying the restoration procedure [26].

The purpose of our research is to present novel sweeping ordering
algorithms for restoring partially damaged fingerprint images using a
PDE. Unlike machine learning and deep learning-based methods, the
proposed method does not require extensive training on large-scale fin-
gerprint datasets. It uses only local information adjacent to the cor-
rupted regions within a single image, instead of using the entire image.
This method aims to overcome inherent limitations of conventional fin-
gerprint restoration techniques, in particular, the directional bias often
found in Gauss-Seidel-type iterative schemes. This bias is caused by fixed
traversal patterns during the numerical update process and results in un-
even propagation of corrections throughout the computational domain.
To mitigate this issue, our study introduces two significant improve-
ments: the application of an isotropic Laplacian operator and a spiral
sweeping ordering algorithm. The isotropic Laplacian operator ensures
rotational invariance and minimizes numerical anisotropy, enabling ac-
curate solutions regardless of the computational domain’s orientation.
Meanwhile, the spiral sweeping ordering method eliminates directional
dependence by alternating between clockwise and counterclockwise up-
dates, and this approach ensures that the restoration process remains
balanced. Additionally, we tackle the challenge of scale mismatch be-
tween the damaged fingerprint image and the numerical solution de-
rived from the governing equation. Such a discrepancy may compromise
the accuracy of restoration if it is not properly resolved. To resolve this,

Pattern Recognition 172 (2026) 112694

our approach incorporates a novel image-scaling parameter that is deter-
mined based on the numerical solution’s amplitude. This incorporation
enables consistent and reliable restoration performance across varying
damage levels and image properties. Through these advancements, our
work aims to present a robust method for fingerprint restoration and to
improve both computational efficiency and the fidelity of reconstructed
patterns.

The structure of the article is outlined as follows. Section 2 describes
the proposed sweeping technique, along with its enhancements for fin-
gerprint restoration. Section 3 presents numerical tests designed to val-
idate the efficiency of the proposed method. Lastly, Section 4 concludes
the paper.

2. Proposed numerical algorithm

The proposed numerical algorithm restores damaged fingerprint im-
ages by solving the nonlocal CH equation using an efficient sweeping or-
dering scheme. For a 2D image representation, let Q;, represent the user-
defined damaged region within the rectangular domain Q, and let 0Q,,
denote the boundary of Q,,; see Fig. 1(a). Let f(x) be a given grayscale
fingerprint image. Typically, grayscale digital image data consist of pix-
els whose values range from 0 to 255. To transform the grayscale image
into the computational framework, f(x) is scaled as follows:

2f(x)_fmin_fmax> xeQ
fmax_fmin ’ '

where f .. = mig f(x) and  fo. = maéc f(x) are the minimum and
XE XE!

f(X)=ﬂ< @

maximum values of f(x) on the domain €, respectively. The param-
eter § controls the amplitude of the fingerprint image, implying that
—p < f < B, and plays a critical role in the restoration. To restore the
damaged regions of the fingerprint image, the data in the vicinity of the
damaged area are used as boundary values. As the performance of the
restoration is influenced by the value of f, it is important to select an
appropriate value. Therefore, we define g based on the amplitude of the
computational solution of the governing equation. A detailed discussion
on this will be provided in Section 3.2.

The governing equation used for the restoration is the nonlocal CH
equation [25], which is expressed as

dp(x, 1)
ot

= ALF'($(x,1) — *Ad(x, 0] — a((x,1) = §), X EQ;,, >0 (2)

with the Dirichlet boundary condition as ¢(x,-) = f(x), x € 0Q;, and
f(x) is the scaled fingerprint image. Here, ¢(x,t) € [-1, 1] represents the
order parameter at spatial location x and time 7, where ¢ = +1 indicates
the pure phases, F(¢) = 0.25(¢* — 1)?, ¢ and « are constants controlling
the interface thickness and the nonlocal interaction, respectively, and ¢
is the spatial average concentration of ¢ in Q,,.

The nonlocal CH equation, which we adopt to restore damaged fin-
gerprint images, is considered a phase-field model that simulates the
microphase separation behavior of diblock copolymers. Diblock copoly-
mers, composed of two covalently bonded polymer chains, self-assemble
into periodic structures such as lamellae under appropriate thermody-
namic conditions [27]. By modeling fingerprint ridges as analogous to
these lamellar patterns, as shown in Fig. 2, the restoration process is
formulated as the minimization of a nonlocal free energy functional.

The local interaction term promotes phase separation, while the non-
local interaction term induces periodicity. Together, these effects lead to
the formation of ridge-like structures within the damaged domain. When
the domain has a curved boundary, the Dirichlet boundary condition
is applied to obtain a lamellar pattern similar to fingerprint ridges, as
shown in Fig. 3. Through this mechanism, the proposed model naturally
reconstructs missing fingerprint textures without the need for external
training data.

The discrete domain is defined as Q¢, which consists of uniformly
spaced grid points with grid size h. Fig. 1(b) shows the discretized



S. Kim et al.

\“\

\&

(a) Damaged

(d) Proposed

(b) Standard

RN
AR

Pattern Recognition 172 (2026) 112694

(c) Opposite

(e) 5-stencil

Fig. 6. Comparison of restoration results using different update orders: (a) Damaged input image, (b) Standard sweeping, (c) Opposite sweeping, (d) Spiral sweeping
in proposed direction, and (e) 5-point stencil for the 2D Laplacian operator with proposed ordering.
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Fig. 7. Amplitude plots generated for the synthetic pattern images of f,.

domains: user-selected damaged discrete domain Qin? (open circles)
with discrete boundary 0Qin? (filled circles). Let Q7 = {(xi,y))| x; =
(i=05h, y;=(—-05h, i=1,..,N,, j=1,...,N,} be the set of cen-
ter coordinates of the pixels whose union is a subset of the rectangular
domain Q, Qf’n (open circles) be the discrete domain and 6Qf’n (filled cir-
cles) be the discrete boundary points, which consist of two layers outside
Q" as displayed in Fig. 1 (b) with a pixel size . Let fij = f(xi,yj) and

q’);“l. = ¢(x;, y;, nAt), where At is the time step. Then, we use the following
discrete equation for Eq. (2) [27]:
Pl — g

ij ijo_ 3 1 _ 22 g+l 1_ 7
—ar - Ap(7)” =367 )+ 2Ah¢,’7j —€ Ah¢K;T - a(¢:.“; -9).(3)

where we use the 9-point isotropic stencil for the 2D Laplacian operator
[28]:

1
6/’!2 [4(¢1 1,j +¢[+1/ +¢l_] 1 +¢1/+I)

+histjrt T Pipr e+ Pirrjor T Disjo

Ah¢i,/
- 204, ]

and Aid’i, ;= A,(Ay¢; ;). The isotropic Laplacian operator ensures ac-
curate numerical solutions regardless of the orientation of the computa-
tional domain. Its rotational invariance eliminates dependency on direc-
tional alignment and is therefore particularly suitable for problems with
radial or symmetric properties. By minimizing numerical anisotropy,
it prevents artifacts caused by discretization bias. Additionally, its en-
hanced accuracy and stability contribute to reliable results, even in com-
plex geometries. Due to these characteristics, we adopt the isotropic

Laplacian operator to reduce directional bias in the computations. To
efficiently solve Eq. (3), we apply a Saul’yev-type scheme [29]:

G sy -6+ (4B + Dl + 0 + 6700
At h\\¥Fi “Fij 6h° i-1,j i+1,j ij-1 i+l
+ d’j 1,+1 + ¢::¢-lj+] + ¢i+|,,-1 + ¢T—],/—l - lod’ﬁ}rl - lo‘bﬁ,] (C)]
36h4 (2349 + 2349, — 1447, + &), + B + By )
- 8(4’,71,'71 + ¢7—I,j+l + ¢i*+1./4 + ¢:+1./+1)
T8, + b5+ ¢ T ,)
+ 8(‘75::2./71 + ¢?—2<j+1 + ¢xil.j—2 + ¢?71.,'+2 O
+ 4’}11.,72 + ¢,*+1,,+2 + 4’742‘,'71
+ ¢T+2,,+1) + (¢?—2,j—2 + ¢T—2,j+2 + ¢1*+2.j—2 + ¢:<+2./+2)] - a(d’?jl -

where ¢, = q.':;’j*.' if qb;’_;.rl is available and ¢, = ¢/ otherwise. Eq. (4)
can be reformulated for updating the numerical solution as follows:

g =1 +A,9)) =3 )+ = [4(¢7 + P

1097,]

[ At on2 L"\Pi-1y b )

+¢[ lj+] + ¢[+]/+1 + ¢/+1./—| +¢i—],/‘—l - Q]

[234¢ — AP+ b b L)

36h4 i=Lj

- 8(4’,'71/71 + ¢;:‘—],j+l + ¢f+1‘,71 + ¢f+1,]+1) + 18(4’, ~2,j + ¢,, )t ¢?,j+2 + 4’,'12‘,')

+ 8(¢i—2,j—1 T T2 T O T D T P T i
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(b)

Fig. 8. Restoration results for damaged synthetic patterns under different g values, with g =0.2,0.6, and 1.0 shown from top to bottom. (a) Restored images, (b)
Amplitude comparison of scaled data, | (black), and numerical solutions, u (blue). (For interpretation of the references to colour in this figure legend, the reader

is referred to the web version of this article.)

7

\

Fig. 9. Restoration results based on the determined value # = 0.7512 from the stable numerical solution.

+ ¢T+2,,+1) + (¢:;2,j—2 + ¢T—2,j+2 + ¢7+2./-2 + ¢f+2‘/+2)] + ”’d’]!

where r = 1/At + 10/3h* + 13¢%/2h* + a. We present an enhanced algo-
rithm using a sweeping ordering approach, designed to compute numeri-
cal solutions with greater efficiency and reliability. Although the Gauss—
Seidel iterative method is widely valued for its simplicity and effective
convergence, it suffers from directional bias caused by its sequential
update process. This bias stems from the fixed traversal pattern, often
row or column-based, which can lead to uneven correction distribution
across the domain. As a result, regions updated earlier can dispropor-
tionately impact the solution, potentially causing slower convergence
or numerical inconsistencies, particularly in anisotropic or irregular do-
mains. To overcome these limitations, techniques such as red-black or-
dering, multicolor strategies [30], and coupling with Jacobian methods

[31] have been developed to reduce directional bias and improve con-
vergence behavior.

In our proposed algorithm, for cases where damaged regions are par-
tially embedded, the update process starts at an interior point adjacent
to a boundary point and proceeds inward in a spiral pattern, systemati-
cally covering all grid points within Qﬁ,, as illustrated in Fig. 1(c). The
proposed spiral sweeping ordering approach prioritizes updates near the
boundary. It uses the accurate boundary values to sequentially update
interior points. As a result, the solutions more accurately reflect the im-
age’s inherent information. In addition, to resolve directional bias, we
alternate between clockwise (CW) and counterclockwise (CCW) updates
in order to achieve a balanced and unbiased propagation of corrections
across the domain. We note that the proposed algorithm inherently sup-
ports the handling of complex or multiply connected damaged regions,
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Fig. 10. Results of fingerprint restoration across different computational domains. (a) Intact images with the indicated computational domain (red lines), (b) damaged
images, (c) and (d) restoration using the standard sweeping ordering and the proposed spiral sweeping ordering. (For interpretation of the references to colour in

this figure legend, the reader is referred to the web version of this article.)

such as figure-eight-shaped domains. This is because the spiral sweeping
update proceeds layer by layer from the boundary inward. This structure
enables the method to naturally adapt to irregular geometries and mul-
tiple centers. As long as the boundary of the damaged region is properly
defined, the algorithm systematically propagates corrections through-
out the entire domain without requiring additional modification. This
flexibility contributes to the generality and applicability of our approach
to a broader class of damage configurations.

3. Numerical tests

We conduct computational analysis and simulation to evaluate the
proposed spiral sweeping ordering method for fingerprint restoration.
The initial and boundary conditions are given as
¢, =00nQ} and ¢, =f;onoQ}, n=01,.., )
respectively. The computational domain is restricted to the user-selected
domain Qf’n. Unless specified otherwise, h =1, At =0.2, ¢ =0.9, and
a =0.09 are used. Fig. 4 displays the time evolution of the damaged
fingerprint image using the proposed spiral sweeping algorithm. From
left to right, the iterations are i = 0, 100, 500, and 1000, respectively.

To quantitatively study the performance of the proposed method in
restoring damaged fingerprints, we use the peak signal-to-noise ratio

(PSNR) and the structural similarity index (SSIM):

2
12 > . (I;—P;
PSNR = 10 log,, <$> mse(I, P) = M
s nen,

SSIM = (_21'_13 +C)Q0oyp +Cy)
(I?P2 + C))(026% + Cy)

where I, ; = f; ;/(fmax = fmin)> # @nd n,, are the number of pixels in the
x- and y-directions, respectively, P, ; = 0.5(¢; ; + 1), I and P denote the
means of I and P, respectively, and 62, 02 represent their variances. In
addition, Cov([, P) is the covariance of I and P, and C; = 0.0001, C, =
0.0009. Higher PSNR and SSIM values show better restoration quality
for the fingerprint image.

We proceed to evaluate and compare the performance of the stan-
dard ordering algorithm and the proposed spiral ordering algorithm on
both synthetic and real images. The first synthetic pattern f, consists
of diagonal lines, while the second pattern f, features curved lines, see
Fig. 5. These patterns are as follows:

F1Gey) = sin(0.5(x + »)), fo(x, ) = sin(0.74/x2 + y2), on Q = [0,50] x [0, 50],
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Fig. 11. Results of fingerprint restoration with different computational domains. (a) Intact image with the indicated computational domain(red line), (b) damaged
image, (c) and (d) restoration using the standard sweeping ordering and the proposed spiral sweeping ordering. (For interpretation of the references to colour in this

figure legend, the reader is referred to the web version of this article.)

3.1. Effect of the sweeping ordering and the isotropic Laplacian stencil

In Gauss-Seidel-type iterative methods, the order in which grid
points are updated may cause directional bias. This occurs because each
updated value is immediately used in the next update, which causes in-
formation to flow more strongly along the sweeping direction. As a re-
sult, the numerical solution may exhibit direction-dependent errors. To
observe the effect of the isotropic Laplacian operator, we also compare
the results obtained using a standard 5-point stencil for the Laplacian.
To examine the influence of sweeping direction and the 5-point stencil
for the Laplacian operator on the results, we compared three different
update strategies for solving the numerical problem:

1. Standard order: The outer loop increments the index i, and the
sweep proceeds in the x-direction from left to right. The inner loop
increments the index j and updates the values in the y-direction from
bottom to top. The update sequence proceeds as follows:

@GH=010->(12) - =>(1N)—> Q21— =>(N,N)

That is, the computation starts at the bottom-left corner of the do-
main and proceeds upward along each column. It then moves from
the leftmost column to the rightmost one in sequence.

2.

Opposite order: This sweeping order performs the computation in
the opposite direction to the standard order. The outer loop decreases
the index i, and the sweep proceeds in the x-direction from right to
left. The inner loop decreases the index j and updates the values in
the y-direction from top to bottom. The update sequence proceeds
as follows:

() = (N Ny = (N u Ny = 1) = oo > (N D) = (N = LN)) = - = (1,1)

That is, the computation starts at the top-right corner of the domain
and proceeds downward along each column. It then moves from the
rightmost column to the leftmost one in sequence.

. Proposed order: The update alternates between counterclockwise

and clockwise directions at each iteration. This alternating scheme
helps reduce directional influence that accumulates during iteration.

. 5-stencil Laplacian: The 5-point stencil for the 2D Laplacian oper-

ator with the proposed ordering

Apdij = (Piyj+ G+ Pijot + Dijr — 4¢i,j)/h27

For this test, we used the synthetic example f; with a circular damaged
region of radius r = 20, shown in Fig. 6(a).



S. Kim et al. Pattern Recognition 172 (2026) 112694
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Fig. 12. Sensitivity analysis with respect to the parameters « and e. The top row (a)-(e) shows the restoration results with varying « = 0.01, 0.05, 0.1, 0.5, and 1.0,
respectively, while fixing ¢ = 1.2h. The bottom row (f)-(j) displays the computational results with varying ¢ = 0.2k, 0.7h, 1.2h, 1.7h, and 2.2h, respectively, while
fixing « = 0.1. The red contour indicates the damaged region. The results demonstrate the effect of parameter selection on restoration quality and pattern continuity.
Modified from [25], with permission from Elsevier. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 13. Restoration results of fingerprint images with varying sizes of the circular damaged regions. (a) Intact images, (b) damaged images, (c) restoration results
using the standard algorithm, and (d) restoration results using the proposed algorithm. From top to bottom, the sizes of the damaged regions are r = 30, 60, and 90.
Modified from [25], with permission from Elsevier.
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Fig. 14. Restoration results of fingerprint images with varying sizes of the square damaged regions. (a) Intact images, (b) damaged images, (c) restoration results
using the standard algorithm, and (d) restoration results using the proposed algorithm. From top to bottom, the sizes of the damaged regions are r = 30, 60, and 90.

Modified from [25], with permission from Elsevier.

Table 1

Performance comparison of PSNR and SSIM for the
three different update strategies and the 5-stencil Lapla-
cian.

Standard ~ Opposite ~ Proposed  5-stencil
PSNR  8.9177 8.9092 35.4944 11.1870
SSIM 0.4360 0.4352 0.9974 0.5202

Fig. 6(b)-(d) shows the restoration results for three update strate-
gies: Standard sweeping, opposite sweeping, and the proposed spiral
method. The standard and opposite results reveal directional bias. In
the standard case, distortions appear in the bottom-right region, while
in the opposite case, similar artifacts occur in the top-left region. These
distortions result from the one-sided propagation of information caused
by the fixed update order. The proposed method reconstructs the diago-
nal patterns with consistent spacing and orientation. The result is close
to the ground truth, and bias from the update direction does not ap-
pear. Fig. 6(e) shows that the diagonal pattern is blurred due to the low
isotropy of the 5-point stencil. Table 1 provides quantitative evidence
for these observations by reporting the PSNR and SSIM values obtained
using three update strategies and the 5-point stencil Laplacian. The pro-
posed algorithm demonstrates superior performance compared to the
other update strategies and the 5-point stencil Laplacian, and it results
in the highest reconstruction accuracy.

3.2. Effect of the scaling factor f

The parameter § determines the amplitude range of the fingerprint
image and significantly impacts the restoration process. To restore the
damaged regions in the fingerprint image, boundary values are set from
the surrounding intact data near the damaged area. Since the restoration
performance is highly sensitive to the choice of g, selecting an optimal
value is essential. Fig. 7 presents the amplitude distribution of the syn-
thetic image for g = 1. In particular, the red line in Fig. 7 (a) indicates
the axis along which the amplitude values are analyzed, and it provides
a reference for evaluating the behavior of the numerical solution.

As demonstrated in Fig. 8, the performance of the proposed algo-
rithm is evaluated for different values of the parameter f. Specifically,
the values of § considered are 0.2,0.6, and 1.0, with the corresponding
amplitude distributions depicted in Fig. 8 (b). In Fig. 8 (b), the black
dashed line represents the amplitude of the image data scaled by g,
while the blue solid line is the amplitude of the numerical solution de-
rived from the governing equation. Near the domain boundaries, the
two graphs exhibit strong agreement, indicating consistency; however,
as the evaluation progresses toward the center of the domain, a signif-
icant divergence between the numerical solution and the actual data
becomes evident. This discrepancy suggests that the restoration of the
damaged region is not fully achieved. The restoration outcomes for the
three tested values of g are presented in Fig. 8 (a). Among them, the case
of # = 0.6 produced the most favorable outcome, with the amplitude and
wavelength of the restored solution closely matching those of the origi-
nal data. Table 2 provides quantitative evidence for these observations
by reporting the PSNR and SSIM values obtained for g = 0.2,0.6 and 1.0.
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Fig. 15. The diverse fingerprint patterns. The first column images are the original images from the FVC 2004 dataset. (a), (c), (e) Proper restoration results. (b), (d),

() Improper restoration results.

Table 2
PSNR and SSIM values for damaged syn-
thetic patterns under g = 0.2, 0.6, and 1.0.

p 0.2 0.6 1.0
PSNR 12.5763 20.8480 6.8171
SSIM 0.2763 0.9248 0.0691

Furthermore, this suggests that § = 0.6 provides a good balance between
numerical stability and solution accuracy for the proposed algorithm.
However, further refinement of the f value is necessary to confirm its
optimality.

10

Thus, f is defined in relation to the amplitude of the numerical solu-
tion for the governing equation, Eq. (3). To determine f, we first obtain a
stable numerical solution for § = 1 and then select a # value that matches
the amplitude of the numerical solution to that of the governing equa-
tion before proceeding with the fingerprint restoration process. Fig. 9
shows the results adjusted to correspond to the amplitude of the numer-
ical solution, with the determined value g = 0.7512. The corresponding
PSNR and SSIM values are 34.9252 and 0.9968, respectively.

3.3. Comparison based on the geometry of the damage area

We compare the performance of the standard row or column-based
ordering with the proposed spiral sweeping ordering algorithm for fin-
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Fig. 16. CPU time per iteration with respect to the number of pixels for the
FVC2000, FVC2002, and FVC2004 datasets. The results show a linear relation-
ship that reflects the proportional increase in computational cost with respect
to image size.

gerprint image restoration. We performed experiments on various geo-
metric computational domain shapes for the synthetic image f, includ-
ing square, circular, elliptical, and polar rose domains. The equations
defining each computational domain are as follows:

QI = {(x, )| 2 < x <48, 2 < y <48},
Qe = {(x, »)] V(x =25 + (y— 25) <20},
ellipse, (x =252 (y—25)?

Q" = {0 Y)| =5+ —5— <1},
in {(x, I 70 5 }
ellipsec (x— 25)2 y— 25)2

Q,n ¢ = {x»l T+ 202 <1},

rose _
Qin -

{6, 0] V(x =252 + (y = 25)2 < r(0),
F(0) = 20 + 3(32 cos®(A) — 48 cos*(8) + 18 cos?(8) — 1)}, 6 € [0,2x].

Fig. 10 (a) illustrates the computational domains delineated by red
solid lines, with the patterns inside these domains representing the
ground truth. To assess restoration performance, the domains are ar-
tificially damaged by initializing their data values to zero, as shown in
Fig. 10 (b). Restoration is subsequently performed using each of the two
methods: the conventional ordering method and the proposed spiral or-
dering approach. Fig. 10 (c) and (d) display the restoration outcomes
obtained using the standard ordering and spiral ordering methods, re-
spectively. As evident from the results, the standard ordering method
fails to accurately reconstruct the patterns within all geometric domains,
whereas the proposed spiral ordering method successfully recovers the
original patterns. These results substantiate the robustness of the pro-
posed ordering strategy in producing reliable numerical solutions, irre-
spective of geometric variations in the computational domain. Fig. 11
presents the identical test results for the synthetic image £,, and it is ev-
ident that the restoration results effectively capture the curved patterns
as well.

3.4. Parameter sensitivity analysis

We conduct a parameter sensitivity analysis for the nonlocal param-
eter a and the regularization parameter ¢ in the proposed method. The
parameter a controls the attraction toward the spatial average ¢, and ¢
determines the strength of the fourth-order diffusion term ezAflqﬁ, which
affects the smoothness and thickness of the transition region. Fig. 12
shows restoration results for different values of these parameters. For
the effect of a, the parameter ¢ was fixed at 1.24, and a was set to 0.01,
0.05, 0.1, 0.5, and 1.0, as shown in Fig. 12(a)-(e). When « = 0.01, the
global average term had little effect. The restored region contained ir-
regular structures that did not align with the surrounding pattern. When

11
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a = 0.1, the restored pattern matched the original structure in direction
and wavelength. When « = 1.0, the global force dominated, and the re-
sult became over-smoothed; as a result, the ridges collapsed or vanished.
These results show that « is inversely related to the spatial wavelength
and must be selected carefully. For the effect of ¢, the parameter a was
fixed at 0.1, and e was tested at 0.2A, 0.7h, 1.2k, 1.7h and 2.2k as shown
in Fig. 12(f)-(j). When € = 0.2h, the regularization effect was weak, and
noisy artifacts appeared inside the damaged area. When ¢ = 2.2h, exces-
sive smoothing caused the loss of fine ridge structures. The best result
was observed at € = 1.2h, where the restored pattern preserved both
clarity and structural consistency. These results confirm that the model
behavior depends strongly on both a and ¢, and each must be chosen
based on the desired restoration quality.

3.5. Effect of damaged domain size
We present simulations conducted for various damage sizes. The se-
lected parameters are ¢ = 1.2 and « = 0.1. The damaged regions are

square
Qin

={ I [x = 170] < 2r,|y = 250] < 2r},

{5, ] V(x = 1652 + (y = 2102 < r)

circle _
Qin -

with r = 30, 60, and 90, respectively.

Figs. 13(c)—(d) and 14(c)—(d) illustrate the restoration results of dam-
aged fingerprint images for varying shapes and sizes of the damaged
regions, using the standard ordering method and the proposed spiral or-
dering method. By visually comparing the reference images used as the
ground truth in Figs. 13(a) and 14 (a) with the restoration results, it is
evident that the proposed algorithm achieves superior restoration qual-
ity compared to the standard method. The proposed method demon-
strates its ability to more accurately reconstruct the damaged regions
and preserves finer details and the overall structure, which results in
superior performance compared to the standard approach. As shown
in both figures, the standard method’s performance deteriorates sig-
nificantly when the damage size increases beyond r = 60. The recon-
structed patterns lose coherence, and discrepancies with the ground
truth become apparent. In contrast, the proposed spiral sweeping order-
ing method maintains high restoration quality even for larger damage
sizes, with only minor degradation observed for r = 90.

Table 3 quantitatively supports these findings by presenting the
PSNR and SSIM values for different damaged region sizes (r = 30, 60, 90)
and shapes (circle and square). For both images, the proposed method
consistently outperforms the standard method. For example, in circular
regions with r = 90, the proposed method achieves a PSNR of 16.0902
and an SSIM of 0.8745, compared to the standard method’s PSNR of
12.9883 and SSIM of 0.6951. These computational results highlight the
robustness of the proposed algorithm in accurately restoring fingerprint
patterns even in the presence of large damaged areas. The improved per-
formance of the proposed method can be attributed to its spiral sweep-
ing approach, which effectively uses boundary information to update
interior points in a balanced manner. By alternating between clockwise
and counterclockwise updates, the algorithm minimizes directional bias
and ensures that the restoration process remains stable and accurate
across various damage sizes and geometries. These computational re-
sults confirm the effectiveness and reliability of the proposed algorithm
for restoring damaged fingerprint images.

3.6. Restoration of diverse fingerprint patterns

To further validate the robustness and generalizability of the pro-
posed restoration method, we conduct experiments on a diverse set of
fingerprint patterns, including whorls, loops, and arches, using the FVC
2004 dataset. Fig. 15 illustrates representative examples of the restora-
tion results across these fingerprint types. In Fig. 15, the damaged re-
gions are
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Fig. 17. Future work direction combining the deep learning technique with the proposed method for improved fingerprint restoration. These results were obtained
by applying our method to the outputs generated by the GAN-based approaches: (a) Original input image, (b) MC-GAN [13], (c) MU-GAN [35], (d) Cycle-GAN [36],

and (e) DU-GAN [37]. Modified from [13], with permission from Springer.

Table 3
Performance comparison of PSNR and SSIM for different damaged region sizes
(r = 30,60,90).

Method Standard Proposed
Circle: r 30 60 920 30 60 920
PSNR 17.2941 16.2542 12.9883 31.3145 23.5726 16.0902
SSIM 0.7461 0.7418 0.6951 0.9910 0.9574 0.8745
Square: r 30 60 90 30 60 90
PSNR 16.7110 16.0696 11.7431 29.0283 21.3015 14.7552
SSIM 0.7296 0.7416 0.6626 0.9358 0.9574 0.8430
h_ (x =100 (y—140)*
QU = {“"”T*Tfl : ®
loop (x—100* | (y—190)*
Q,,, =4 &y T Tz <1, ()]
(xcos(Z) — ysin(£) = 130)>  (xsin(Z) + ycos(Z) — 240)?
Qe = < (x.y) : s + g 8 <13
" 352 52.52 -
(10

In Fig. 15, the first column shows the original fingerprints of three types,
which are arch, loop, and whorl. The second column shows intact finger-
prints images with the region to be damaged. The third column shows
damaged fingerprint images, and the fourth column shows restoration
results. Fig. 15(a), (c), and (e) illustrate proper restoration, whereas
Fig. 15(b), (d), and (f) illustrate improper restoration. Because the dis-
tinction between proper and improper restoration is visually evident,
the comparison is made in a qualitative manner against the original
fingerprint data. The damaged regions in (a), (c), and (e) are given by
Egs. (8)-(10), respectively. The regions in (b), (d), and (f) are obtained
by rotating the regions defined in Egs. (8)—(10) about the center of the
ellipse by —z/3, =/3, and —x /2, respectively. Table 3.6 presents the
parameter values used in the restoration tests for arch loop and whorl
fingerprints.

The experimental results show that the proposed method can suc-
cessfully recover ridge continuity and orientation in most cases, as
shown in Fig. 15(a), (c), and (e). However, the restoration performance
is sensitive to the definition of damaged regions, and areas containing
singular points such as cores and deltas remain vulnerable, as high-
lighted in Fig. 15(b), (d), and (f). These limitations arise because, de-
pending on the definition of the damaged regions, fingerprints with sin-
gular points may not provide sufficient surrounding data for accurate

12

Table 4
Parameters for arch, loop, and whorl fin-
gerprint restoration tests.

h At € a
arch 1.0 02r* h 0.15
loop 1.0 02r* 1.05h 0.14
whorl 1.0 02r2  1.15h  0.60

inference. Consequently, even with the use of ordering algorithms, the
restoration exhibited inherent limitations in these cases. These findings
show that further refinement is necessary to improve robustness when
damage occurs in complex topological regions.

3.7. Comparison test

To compare the effectiveness of our approach with existing tech-
niques, we calculated the PSNR and contrasted it with the outcomes re-
ported by other state-of-the-art fingerprint restoration methods [11,25].
Table 5 presents the average PSNR values obtained by our method and
various existing models on corrupted fingerprint images derived from
the FVC 2004 dataset [32]. Based on the computational results in Ta-
ble 5, our algorithm demonstrates better performance than the Gabor
filtering, BaseNet, BaseNet-bin, and the method proposed by Li et al.
Although the PSNR from our method is marginally below that of the
OFFIENet-tri-shared model [11], it is important to note that the compar-
ison lacks complete fairness. This is because our method does not require
extensive training on large-scale fingerprint datasets and achieves com-
petitive results by using only a small portion of the fingerprint specifi-
cally, local information near the corrupted regions instead of using the
entire image. In contrast, deep learning-based approaches require sub-
stantial training costs to reach similar levels of accuracy. In addition,
due to the unavailability of implementations for existing methods, a
direct SSIM-based comparison could not be conducted. Nevertheless,
the proposed algorithm attained a high SSIM score of 0.9863, which
suggests that the restored images preserve structural similarity to the
ground truth to a high degree.

Finally, to evaluate the computational performance of the proposed
algorithm, we measured the average restoration time and the aver-
age CPU time per iteration. The evaluation was conducted on the
FVC2000, FVC2002, and FVC2004 datasets. All computations were
carried out in a MATLAB R2024a environment on a computer with a
12th Gen Intel(R) Core(TM) i9-12900K 3.20 GHz CPU and 32 GB of
RAM. Table 6 shows the average restoration time of the proposed al-
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Table 5
Comparison of the average PSNR val-
ues under the SN+Sc corruption con-
dition on the FVC2004 dataset between
the proposed method and other finger-
print restoration models.
Method SN + Sc(FVC2004)
No enhancement 8.07
Gabor filtering 7.12
BaseNet 18.93
BaseNet-bin 19.61
BaseNet-tri 21.67
BaseNet-tri-shared 21.28
Liet al. 19.89
Our method 21.19
Table 6

Average restoration time (in seconds) using the pro-
posed method on the FVC2000, FVC2002, and FVC2004

datasets.
Datasets DB1B DB2 B DB3 B DB4 B
FVC2000 [33] 4.1128 2.9627 9.2276 3.0499
FVC2002 [34] 6.6402 5.1489 3.7792 3.7703
FVC2004 [32] 10.7250 4.5904 5.1112 3.8390

gorithm for each dataset. Fig. 16 displays the CPU time per iteration
with respect to the size of the computational domain. The computa-
tional cost of the proposed method, which follows the Gauss-Seidel
algorithm, increases linearly with image size. In addition, the results
in Table 6 demonstrate that the computational cost is not expensive,
which implies that the proposed algorithm has high computational
efficiency.

Deep learning methods such as CNNs and GANs show strong perfor-
mance in image restoration. However, they require high-quality labeled
data for training. The proposed PDE-based method does not depend on
training data and uses only local information near the damaged region,
defined by boundary data in the computational domain. The restoration
accuracy is lower than that of deep learning models, but this method
introduces a different direction for solving fingerprint restoration prob-
lems. We plan to combine this method with CNN or GAN architectures in
future work. For example, the first row of Fig. 17 shows degraded finger-
print images along with the restoration results produced by a GAN-based
method. In these results, several regions remain unrecovered, which re-
veals the limitations of the method in handling severe distortions. When
our algorithm is applied to those missing or poorly restored areas, the re-
constructed output shows noticeable improvement, as presented in the
second row of Fig. 17. This finding supports the possibility that com-
bining our approach with machine learning or deep learning methods
could lead to more complete and accurate fingerprint restoration results
in future applications.

4. Conclusions

In this study, we proposed a novel sweeping ordering algorithm to
reconstruct partially damaged fingerprint images using the nonlocal CH
equation. The algorithm leverages an efficient spiral sweeping order-
ing approach combined with the Gauss—Seidel-type update method and
the isotropic Laplacian operator. The use of Dirichlet boundary condi-
tions and the careful scaling of the amplitude parameter g ensured that
the numerical solution closely matched the inherent properties of the
damaged fingerprint image. The isotropic Laplacian operator was par-
ticularly effective in maintaining rotational invariance and minimizing
numerical anisotropy, leading to robust and accurate solutions indepen-
dent of the computational domain’s geometry. Numerical experiments
demonstrated that the proposed spiral sweeping ordering method sig-
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nificantly outperforms the standard row or column-based ordering in
restoring damaged patterns. By alternating between clockwise and coun-
terclockwise updates, the algorithm effectively reduced directional bias,
enabling consistent performance across various geometric domains, in-
cluding square, circular, elliptical, and rose-shaped regions. Overall, the
proposed method provides a reliable and efficient framework for fin-
gerprint restoration, offering robustness against variations in domain
shape and damage size. In addition, we plan to integrate the proposed
method with CNN or GAN models to achieve improved results in finger-
print restoration. Restoring missing ridges in latent fingerprints through
manual reconstruction is a labor-intensive, time-consuming, and costly
procedure. Latent fingerprint ridges are often degraded due to smudg-
ing, partial loss, or aging effects. Such fingerprints cannot be directly
used in a court of law to obtain a conviction unless they are matched
to known fingerprints. However, the application of the proposed fin-
gerprint restoration methods to the reconstruction of these prints can
effectively reduce the number of potential suspects and contribute to
the identification of individuals who have gone missing, thereby result-
ing in a significant reduction in human resource costs. Furthermore, as
future work, the consideration of methods such as the Multi-Scale Atten-
tion Pyramid Vision Transformer (MSAPTV) [38] and genetic algorithms
[39] for the automatic selection of damaged fingerprint regions can be
proposed in order to improve the proposed PDE-based scheme into an
automated reconstruction method that minimizes manual restoration.
As a result, these future works could minimize manual restoration and
contribute to systems such as the automatic fingerprint identification
system (AFIS) [40].
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