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 a b s t r a c t

We develop an adaptive computational method for the Allen–Cahn (AC) equation on curved sur-
faces. The scheme is built on triangulated meshes using the cotangent formula for the discrete 
Laplace–Beltrami operator and applies an operator splitting method to decouple diffusion and 
reaction terms. The diffusion step is solved by an explicit Euler scheme, while the reaction step is 
treated analytically. An adaptive narrow-band method updates only the interface region, which 
makes the computation faster and keeps good accuracy. Numerical studies on simple and complex 
geometries verify accurate interface motion and phase separation resolution at reduced computa-
tional cost, and when compared with the global iteration algorithm, the proposed method achieves 
superior efficiency, which supports its suitability for phase-field models on curved surfaces.

1.  Introduction

The evolution of phase interfaces or phase fields occurs not only in flat Euclidean spaces but also, more frequently, on curved 
surfaces or surfaces constrained by geometric boundaries, such as the outer surface of biological tissues [1,2], cell membranes [3,
4], shape transformation [5], and fluid-surfactant systems [6,7]. In these scenarios, curvature [8], surface geometry [9], and their 
variations significantly affect interface motion, interfacial morphology, and phase-field distributions. Zamani-Gharaghoshi et al. [10] 
developed a mesh-free numerical method for the surface Allen–Cahn (AC) model that combines the generalized moving least-squares 
approximation with the closest point method and permits computations on arbitrarily distributed points independent of the surface 
structure. Sun and Zhang [11] proposed a meshless radial basis-function algorithm for conservative AC equations on smooth compact 
surfaces, which uses operator splitting, explicit time discretization, and kernel-based quadrature to ensure mass conservation and 
to preserve computational efficiency. Huang et al. [12] developed stabilized semi-implicit schemes with adaptive time-stepping for 
the binary fluid-surfactant equation. Yang et al. [13] presented an unconditionally energy-stable, second-order accurate numerical 
method for the generalized Swift–Hohenberg equation on surfaces. They established energy dissipation and unique solvability. Kim et 
al. [14] investigated a stability theory for the maximum principle preserving method for the surface AC equation on curved manifolds, 
with the Laplace–Beltrami operator discretized by cotangent weights and vertex areas obtained by mass lumping on a triangular mesh. 
A vertexwise admissible time-step bound is derived that guarantees a discrete maximum principle; the bound depends on the local 
mixed area at a vertex and on the cotangent-weight sum over its one-ring neighbors.
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To improve the efficiency and accuracy of numerical simulations of the AC equation, adaptive methods [15–17] have been pro-
posed to concentrate computational resources near interfacial regions with sharp transitions. Xu et al. [18] incorporated an adaptive 
collocation strategy into physics-informed neural networks for solving the AC equation, and this modification improved robustness 
and accuracy in long-time simulations of nonlinear PDEs. Kim et al. [19] presented an unconditionally stable adaptive finite differ-
ence method for the AC equation, which combines operator splitting, finite difference discretization, and closed-form substeps. Li et 
al. [20] proposed an adaptive discontinuous finite volume element scheme for the AC equation, that achieves energy stability and 
accurately captures phase-transition dynamics in long-term simulations.

Phase-field models [21–23] on curved surfaces require resolution concentrated along diffuse interfaces whose width is small and 
shaped by curvature [24–26]. On triangular meshes, a uniform triangular mesh spreads computational effort uniformly over a problem 
that is intrinsically localized and anisotropic. It uses too much effort in smooth regions and too little effort near curved interfaces 
where errors are large, and it adds global costs and limits that are not related to the real physical behavior[27,28]. Space-adaptive 
methods for phase-field models [13,29–31] refine where tangential gradients steepen, interfaces move, or the second fundamental 
form is large, and coarsen elsewhere. For the AC and Cahn–Hilliard (CH) dynamics [32], adaptivity allows larger stable time steps, 
improves maximum-principle behavior and energy decay, and keeps mass conserved in bulk-surface coupling by using matched 
resolutions [33–35].

On such manifolds, the AC equation is a basic model for motion driven by curvature and for phase relaxation. Accurate simulation 
needs high spatial resolution near the thin interface of width 𝑂(𝜖), because this interface moves over time and interacts with surface 
curvature. Uniform meshes on triangulated surfaces use too many grid points where the solution changes little and too few where 
strong gradients appear near the interface. As a result, the computational cost depends on the total mesh size rather than on the 
interface itself. This becomes more serious in long-time simulations because the interface occupies only a small part of the surface 
but still controls the accuracy and stability. To resolve this problem, we use an adaptive narrow-band method for the surface AC 
equation. The method updates the numerical solutions only the vertices near the interface and their neighbors. It uses a cotangent-
weight Laplace–Beltrami discretization and an operator splitting method. Diffusion is computed explicitly on the surface, and the 
nonlinear reaction is solved in closed form. This method is simple and robust. It keeps the structure of the gradient flow, allows 
time steps based on local mesh geometry, and reduces the computational cost because the work mainly depends on the interface 
length. Numerical tests on simple and complex surfaces show that the method reproduces analytic results, preserves energy decay, 
and greatly reduces computation time while maintaining good accuracy.

This work is organized as follows. Section 2 presents computational methods for the discretization of the Laplace–Beltrami operator 
and the construction of adaptive narrow-band surface domains. Section 3 reports numerical results for the surface AC computed with 
the proposed adaptive method. In Section 4, we conclude the study.

2.  Numerical solution methods

We consider the AC equation on a closed smooth surface 𝑆 ⊂ ℝ3: 
𝜕𝜙(𝐱, 𝑡)
𝜕𝑡

=
𝜙(𝐱, 𝑡) − 𝜙3(𝐱, 𝑡)

𝜖2
+ Δ𝑆𝜙(𝐱, 𝑡), 𝐱 ∈ 𝑆, 𝑡 > 0, (1)

where Δ𝑆 denotes the Laplace–Beltrami operator and 𝜖 > 0 is a small parameter controlling the interfacial thickness.

2.1.  Laplace–Beltrami operator discretization

Now, we present a discretized Laplace–Beltrami operator [36,37] on . We define the surface vertex set {𝐩}𝑀𝑖=1 including 𝑀
points. Let 𝑉 (𝑖) =

{

𝑖1, 𝑖2,… , 𝑖𝑚
} be the one-ring neighbor surface vertex indices, with 𝑖1 = 𝑖𝑚 for a given surface vertex 𝐩𝑖, as shown 

in Fig. 1(a). The surface vertices 𝐩𝑖,𝐩𝑗−and 𝐩𝑗 constitute a triangle 𝑇𝑗 . We compute 𝐴(𝐩𝑖) =
{

𝑇1, 𝑇2,… , 𝑇5, 𝑇6
} in Fig. 1(a), the sum of 

triangles 𝑇𝑗 in contact with the surface vertex 𝐩𝑖.
Let 𝐴(𝐩𝑖, 𝑇𝑗

) be the area of 𝑇𝑗 in contact with 𝐩𝑖. Then, it can be expressed using 𝐩𝑖,𝐩𝑖− , and 𝐩𝑗 , three vertices of 𝑇𝑗 , see Fig. 1(a), 
as follows:

𝐴
(

𝐩𝑖, 𝑇𝑗
)

= 1
2
|

|

|

𝐩𝑗 − 𝐩𝑗−
|

|

|

|

|

|
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|

|

|

sin 𝜃 (2)

= 1
2

√
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|

|

|

2
|

|

|

𝐩𝑖 − 𝐩𝑗−
|

|

|

2
− (𝐩𝑗 − 𝐩𝑗− ,𝐩𝑖 − 𝐩𝑗− )

2, (3)

where 𝜃 is the angle of vertex 𝐩𝑖 and (𝐩𝑗 − 𝐩𝑗− ,𝐩𝑖 − 𝐩𝑗− ) is the inner product for the vectors 𝐩𝑗 − 𝐩𝑗−  and 𝐩𝑖 − 𝐩𝑗− . Therefore, 𝐴
(

𝐩𝑖
)

can be calculated as 𝐴(𝐩𝑖
)

=
∑

𝑗∈𝑉 (𝑖)
𝐴
(

𝐩𝑖, 𝑇𝑗
)

. Set 𝜙𝑖 = 𝜙
(

𝐩𝑖
)

. We derive the following discretized Laplace–Beltrami operator [38,39]: 

Δ𝜙
𝑛
𝑖 =

3
𝐴
(

𝐩𝑖
)

∑

𝑗∈𝑉 (𝑖)

cot 𝜃𝑖𝑗 + cot 𝜃𝑖𝑗+
2

(

𝜙𝑛𝑗 − 𝜙
𝑛
𝑖

)

, (4)

where 𝜃𝑖𝑗 is the angle in triangle 𝑇𝑗 and 𝜃𝑖𝑗+  is the angle in triangle 𝑇𝑗+  as displayed in Fig. 1(b).
Remark 1. The cotangent Laplace–Beltrami operator in Eq. (4) is consistent on well-shaped triangulations, but mesh quality can 
affect robustness. On meshes with obtuse angles or strong anisotropy, cotangent weights can take negative values, which can weaken 
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Fig. 1. Local one-ring notation on a triangulated surface. (a) Triangulated surface 𝐺 with a vertex 𝐩𝑖 and its one-ring neighborhood {𝐩𝑖}𝑚𝑗=1 ordered 
cyclically, with 𝐩𝑖𝑚 = 𝐩𝑖1 . The incident triangles form the vertex fan 𝑇𝑗 . (b) Two triangles adjacent to the edge 𝑒𝑖𝑗 = (𝐩𝑖,𝐩𝑗 ), namely 𝑇𝑗 = (𝐩𝑖,𝐩𝑗 ,𝐩𝑗− )
and 𝑇𝑗+ = (𝐩𝑖,𝐩𝑗+ ,𝐩𝑗 ). The angles opposite 𝑒𝑖𝑗 in 𝑇𝑗 and 𝑇𝑗+  are denoted by 𝜃𝑖𝑗 and 𝜃𝑖𝑗+ , respectively.

discrete maximum-principle behavior and can reduce robustness of explicit diffusion updates [14,40]. The adaptive narrow-band 
method only needs information from nearby nodes, so it can be used on general triangulated surfaces. For a surface with boundary, 
one can impose natural no-flux conditions by restricting stencils to interior neighbors and by defining vertex areas from the one-sided 
incident triangles adjacent to each boundary vertex [41–43]. The present work focuses on fixed surfaces, but the same algorithmic 
structure extends to time-dependent surfaces if one updates vertex positions and recomputes areas and cotangent weights at each 
time level [44]. 

2.2.  Numerical method for the surface AC equation on adaptive narrow-band surface domains

The surface AC dynamics exhibits two distinct regimes: in bulk regions the order parameter rapidly relaxes to the pure states 
𝜙 ≈ ±1, whereas steep tangential gradients occur only across a diffuse interface of thickness 𝑂(𝜖) near the zero level set {𝜙 = 0}. A 
global update over all mesh vertices therefore expends most computational effort in regions where 𝜙 remains nearly constant. To 
align the numerical work with the localized physics of interfacial motion, we restrict the update to a thin tubular neighborhood of 
the interface that we identify at each time level.

Let 𝑡𝑛 = 𝑛Δ𝑡 and 𝜙𝑛𝑖 ≈ 𝜙(𝐩𝑖, 𝑡𝑛) denote the phase-field value at surface vertex 𝐩𝑖. For a prescribed threshold 𝜏 ∈ (0, 1), we define the 
narrow-band (active) vertex set 

𝑆𝑛 =
{

𝐩𝑖 ∈  ∣ |𝜙𝑛𝑖 | < 𝜏
}

. (5)

A theoretical interpretation of the threshold 𝜏 follows from the standard diffuse-interface profile for the AC model. Near the 
interface, the phase-field admits the one-dimensional approximation 𝜙(𝑑) ≈ tanh

(

𝑑∕(
√

2𝜖)
)

, where 𝑑 is the signed geodesic distance 
to the zero level set {𝜙 = 0}. The level |𝜙| = 𝜏 therefore corresponds to the distance |𝑑| = 𝑤(𝜏), where 𝑤(𝜏) =

√

2𝜖 tanh−1(𝜏). Hence, 
the set 𝑆𝑛 approximates a tubular neighborhood of the interface with half-width 𝑤(𝜏) = 𝑂(𝜖). This relation clarifies the effect of 𝜏: 
larger 𝜏 yields a wider band and higher cost, whereas smaller 𝜏 yields a thinner band and can truncate the diffuse interface. A simple 
error bound also supports this choice. For 𝜏 ≥ 1∕

√

3 and |𝜙| ≥ 𝜏, the reaction term satisfies |𝜙 − 𝜙3
| ≤ 𝜏(1 − 𝜏2), so omission of the 

update outside the band introduces a per-step local error of order Δ𝑡𝜏(1 − 𝜏2)∕𝜖3, which decreases as 𝜏 → 1.
In addition, we expand the active set by one-ring neighbors. This step adds an extra buffer of about one mesh layer and improves 

robustness when curvature and stiffness increase, for example near extinction or near discrete topological events. A practical choice 
rule follows from 𝑤(𝜏). On quasi-uniform meshes, we set a target half-width 𝑤 ≈ 𝑘ℎ𝑔𝑒𝑜 with 𝑘 ≥ 2 and then set 𝜏 = tanh

(

𝑤∕(
√

2𝜖)
)

. 
The level sets 𝜙 = 𝜏 and 𝜙 = −𝜏 form the boundaries of this band on the surface. Fig. 2(a) visualizes 𝜙 on the sphere together with 
these two contour lines (magenta); the region between them represents the narrow band {|𝜙| < 𝜏} that encloses the diffuse interface. 
The discrete Laplace–Beltrami operator in Eq. (4) requires a complete one-ring stencil. For any active vertex 𝐩𝑖 ∈ 𝑆𝑛, the cotangent 
formula involves its one-ring neighbors 𝑉 (𝑖). Near the boundary of 𝑆𝑛, some neighbors that enter the stencil can lie outside 𝑆𝑛. To 
avoid stencil truncation and to preserve the same local operator as in the global scheme, we augment the narrow band by a one-ring 
buffer set 

𝐵𝑛 =

(

⋃

𝐩𝑖∈𝑆𝑛
𝑉 (𝑖)

)\

𝑆𝑛, 𝑆𝑛ℎ = 𝑆𝑛
⋃

𝐵𝑛. (6)

Fig. 2(b) highlights this discrete construction: vertices in 𝑆𝑛 (narrow-band points) appear in black, whereas vertices in 𝐵𝑛 (buffer 
points) appear in red. The union 𝑆𝑛ℎ provides the one-ring neighbor information needed to compute the cotangent Laplace–Beltrami 
stencil for each 𝐩𝑖 ∈ 𝑆𝑛. 
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Fig. 2. Adaptive narrow-band update region on a triangulated sphere. (a) Surface phase-field 𝜙. The level sets 𝜙 = 𝜏 and 𝜙 = −𝜏 (magenta) delimit 
the narrow band {|𝜙| < 𝜏}, which encloses the diffuse interface near 𝜙 = 0. (b) Discrete vertex sets at a fixed time level 𝑛: narrow-band vertices 
𝑆𝑛 = {𝐩𝑖 ∈  ∶ |𝜙𝑛𝑖 | < 𝜏} (black) and buffer vertices 𝐵𝑛 =

(

⋃

𝐩𝑖∈𝑆𝑛
𝑉 (𝑖)

)\

𝑆𝑛 (red), where 𝑉 (𝑖) denotes the one-ring neighbor set of 𝐩𝑖. The adaptive 
computational domain 𝑆𝑛ℎ = 𝑆𝑛

⋃

𝐵𝑛 supplies complete one-ring stencils for the cotangent Laplace–Beltrami operator, while updates of 𝜙 are confined 
to 𝑆𝑛.

To solve the modified surface AC Eq. (1), we apply the operator splitting method by decomposing the equation into two subprob-
lems:

𝜕𝜓(𝐱, 𝑡)
𝜕𝑡

= Δ𝑆𝜓(𝐱, 𝑡), (7)

𝜕𝜙(𝐱, 𝑡)
𝜕𝑡

=
𝜙(𝐱, 𝑡) − 𝜙3(𝐱, 𝑡)

𝜖2
. (8)

Here, 𝜓 and 𝜙 represent the solutions for the diffusion and reaction subproblems, respectively. The discretization is carried out 
in two steps. Firstly, we use the explicit Euler scheme to solve the diffusion Eq. (7) in the narrow band domain 𝑆𝑛: 

𝜓∗
𝑖 − 𝜓𝑛𝑖
Δ𝑡

= 3
𝐴
(

𝐩𝑖
)

∑

𝑗∈𝑉 (𝑖)

cot 𝜃𝑖𝑗 + cot 𝜃𝑖𝑗+
2

(

𝜓𝑛𝑗 − 𝜓
𝑛
𝑖

)

, (9)

where 𝐴(𝐩𝑖) is the area of the surface mesh around vertex 𝐩𝑖, and 𝜃𝑖𝑗 and 𝜃𝑖𝑗+ are the angles in the triangles formed by the neighboring 
vertices. The term 𝑉 (𝑖) denotes the set of one-ring neighbors for vertex 𝐩𝑖, and the computation is carried out only for the vertices in 
the narrow band region defined by 𝑆𝑛ℎ. Secondly, we apply the separation of variables to solve the reaction Eq. (8): 

𝜙𝑛+1𝑖 =
𝜓∗
𝑖

√

(

1 −
(

𝜓∗
𝑖
)2
)

𝑒−
2Δ𝑡
𝜖2 +

(

𝜓∗
𝑖
)2
. (10)

At each time step, we perform the adaptive update on this set. First, we find 𝑆𝑛 from 𝜙𝑛. Then, we build 𝐵𝑛 and 𝑆𝑛ℎ using one-ring 
neighbors. Second, for each 𝐩𝑖 ∈ 𝑆𝑛, we compute the diffusion step in Eq. (9). The summation over 𝑉 (𝑖) uses values from 𝑆𝑛ℎ. Third, 
we apply the reaction formula in Eq. (10) and obtain 𝜙𝑛+1𝑖  for 𝐩𝑖 ∈ 𝑆𝑛. For vertices outside the narrow band, we set 𝜙𝑛+1𝑖 = 𝜙𝑛𝑖 . This 
step keeps bulk values unchanged and updates only the interface region where the solution changes quickly. After the time step, we 
compute 𝑆𝑛+1 from 𝜙𝑛+1. In this way, the adaptive region moves with the interface on the surface. 

In conclusion, the diffusion and reaction steps give an efficient solution of the adaptive surface AC equation. The method updates 
values only near the interface. This approach reduces computational cost and focuses the computation on the interface region, which 
improves both efficiency and accuracy.

3.  Computational tests

This section shows a systematic test of the proposed adaptive solver for the surface AC equation on triangulated manifolds. 
Our aims are threefold: (i) to verify accuracy on curved geometries using problems that admit analytic benchmarks; (ii) to confirm 
structural properties of the discretization, including monotone decay of the discrete Ginzburg–Landau energy, boundedness of the 
order parameter, and curvature-driven contractive dynamics; and (iii) to quantify the efficiency gains of the narrow-band update 
relative to a global computation, with a focus on how the cost scales with interfacial length rather than with the total mesh size. 
Unless otherwise specified, all numerical experiments were carried out on a 64-bit Windows workstation equipped with an Intel Core 
i7-13700 (13th generation, 2.10GHz), 64GB DDR5-5600 RAM, a discrete GPU with 16GB of device memory.
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Fig. 3. Schematic of parameters upon the sphere where 𝜙 evolves.

3.1.  Motion by mean curvature on a sphere

We conduct a series of computational tests to illustrate the performance of the proposed method on spherical domains in three 
dimensions. Let us consider a sphere of radius 𝑅 centered at (0, 0, 0). Let (𝑥𝑝, 𝑦𝑝, 𝑧𝑝) denote an arbitrary point on the sphere, see Fig. 3.

We study the motion of a circular interface on a sphere. The interface evolves according to the mean-curvature flow defined on 
the surface [45,46]. Let 𝑟(𝑡) be the geodesic circle radius at time 𝑡. Using the geometric decomposition of the velocity into tangential 
and inward normal parts with the circle curvature −1∕𝑟, one obtains the ordinary differential equation as 

𝑑𝑟
𝑑𝑡

= 𝑟2 − 𝑅2

𝑟𝑅2
. (11)

Integrating yields the closed-form evolution of the interface radius 

𝑟(𝑡) =
√

𝑅2 −
(

𝑅2 − 𝑟20
)

𝑒2𝑡∕𝑅2 , (12)

where 𝑟0 = 𝑟(0). To validate this law on a triangulated sphere, we initialize the phase-field by 

𝜙(𝑥, 𝑦, 𝑧, 0) = tanh

(

𝑅0(
𝜋
3 − arccos(𝑧∕𝑅0))

√

2𝜖

)

. (13)

The parameters are chosen as 𝑅0 = 7, ℎ = ℎgeo and 𝜖 = 𝜖𝑚 = 𝑚ℎgeo∕2
√

2arctanh(0.9), 𝑚 = 12, with time step size Δ𝑡 = 0.001. For a 
detailed definition of geodesic ℎgeo, please refer to Kim et al. [14].

Fig. 4(a)–(h) display snapshots at 𝑡 = Δ𝑡, 10000Δ𝑡, 20000Δ𝑡, and 30000Δ𝑡 for the global and adaptive runs, respectively. The interface 
location and its regularity agree to graphical accuracy at all sampling times; no spurious ripples or delay of the front appear in the 
adaptive solution. The adaptive band remains localized near the interfacial region and does not introduce artifacts away from it.

Fig. 5 shows the evolution of the spherical-cap radius 𝑟(𝑡) from the initial configuration to extinction. The solid black curve shows 
the analytic solution. Blue circles and red stars show the adaptive and global numerical results on the triangulated surface. For most of 
the interval [0, 𝑇 ), the numerical results agree well with the analytic curve. This numerical result shows that the method captures the 
correct shrinking motion on the sphere. The radius decreases steadily and the interface remains convex. A small difference appears 
only near the final time 𝑇 = 34000Δ𝑡, where the curvature becomes large. The adaptive result stays closer to the analytic curve than 
the global result. These results show that the adaptive method gives good accuracy without using a very fine global mesh.
Remark 2. In Fig. 5, the adaptive result shows a slightly smaller radius error near extinction than the global result. Away from 
the interface, the AC dynamics quickly drives 𝜙 to the stable states 𝜙 = ±1, so the solution in bulk regions stays almost constant. In 
the global method, the diffusion update is applied at all vertices. Small numerical errors in bulk regions can spread and grow over 
many time steps. In the narrow-band method, bulk vertices are not updated and changes occur only near the interface. This reduces 
numerical noise in the bulk and keeps the stable phases. Near extinction, where curvature becomes large, this leads to slightly better 
accuracy. 

3.2. Sensitivity test for 𝜏

We test how the adaptive method changes with the parameter 𝜏 on triangular curved surfaces. Fig. 6 shows that 𝜏 = 0.80, 0.90, 
and 0.99 give similar results. The initial polar cap shrinks over time. The interface stays close to a zonal curve, and the upper phase 
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Fig. 4. Global computation (a)–(d), and adaptive computation (e)–(h) for the spherical cap test.

Fig. 5. Evolution of the radius 𝑟(𝑡) for the adaptive and global computations. The solid line shows the analytic radius, blue circles show the adaptive 
result, and red stars show the global result.

almost disappears at late time. This behavior matches curvature-driven relaxation in the surface AC model. The interface also stays 
nearly axisymmetric during the simulation, and no clear mesh anisotropy or oscillations appear. These numerical results show that 
the proposed method works well on curved triangular meshes. 

Fig. 7 shows clearer differences among the three values of 𝜏. For 𝜏 = 0.80, the numerical radius begins to differ from the analytic 
radius at later times, and the difference becomes larger near extinction. This happens because the active band is too narrow. For 
𝜏 = 0.90, the numerical radius matches the analytic curve very well over the whole time interval. For 𝜏 = 0.99, the result is also close 
to the analytic curve, but the improvement over 𝜏 = 0.90 is very small and a slight difference appears at late time. Therefore, 𝜏 = 0.90
gives the best agreement with the analytic solution. 

Fig. 8 explains this trend using adaptive localization. In all cases, the number of active points 𝑁𝑛
𝑝  decreases over time. This happens 

because the interface becomes smaller as the cap radius shrinks. A larger 𝜏 activates a wider region near the interface and therefore 
uses more active points. In particular, 𝜏 = 0.99 uses many more active points than the other cases, while 𝜏 = 0.80 uses the fewest 
points. However, using too few points causes lower accuracy near extinction. The case 𝜏 = 0.90 gives a better balance. It uses fewer 
active points than 𝜏 = 0.99; however, the numerical radius still matches the analytic result well. 

Now, let us define the normalized degrees of freedom 𝑡𝑑𝑜𝑓 ∶= 𝑇𝑐𝑝𝑢

/𝑁−1
∑

𝑛=0
𝑁𝑛
𝑝 , which is total CPU time 𝑇𝑐𝑝𝑢 per active-vertex update 

𝑁𝑛
𝑝 . The efficiency indicator 𝑡𝑑𝑜𝑓  in Fig. 9 leads to the same conclusion. The smallest value occurs at 𝜏 = 0.90, whereas 𝜏 = 0.80 yields 

a slightly larger value and 𝜏 = 0.99 produces a substantial increase. Therefore, the most conservative choice of 𝜏 does not provide a 
commensurate gain in accuracy, while the most aggressive reduction of the active region undermines the late-time approximation. The 
numerical evidence identifies 𝜏 = 0.90 as the most effective parameter in the present adaptive method. It offers the best compromise 
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Fig. 6. Sensitivity test for (a)–(d) 𝜏 = 0.99, (e)-(h) 𝜏 = 0.90 and (i)–(l) 𝜏 = 0.80.

Fig. 7. Analytic and numerical radii for (a) 𝜏 = 0.80, (b) 𝜏 = 0.90, and (c) 𝜏 = 0.99.

between interface accuracy, adaptive compression, and computational efficiency, and thus serves as the most suitable default choice 
for the surface AC model on triangular curved surfaces. 

Table 1 reports the normalized computational cost 𝑡𝑑𝑜𝑓  for the global and adaptive approaches. The results indicate a substantial 
reduction in computational cost when the adaptive strategy is used. In the global computation, the measured value is 𝑡𝑑𝑜𝑓 = 5.9847𝑒 −
02, whereas the adaptive computation with 𝜏 = 0.90 case produces 𝑡𝑑𝑜𝑓 = 1.1136𝑒 − 05. The ratio between the two values reaches 
approximately 5.3741𝑒 + 03. This difference indicates that the adaptive solver requires more than three orders of magnitude less 
computational effort per effective degree of freedom update than the global solver. This improvement originates from the localization 
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Fig. 8. Temporal evolution of number of active points 𝑁𝑛
𝑝  for (a) 𝜏 = 0.80, (b) 𝜏 = 0.90, and (c) 𝜏 = 0.99.

Fig. 9. Degrees of freedom 𝑡𝑑𝑜𝑓  for 𝑁𝑛
𝑝  for 𝜏 = 0.80, 𝜏 = 0.90, and 𝜏 = 0.99.

Table 1 
Comparison of the normalized computational cost 𝑡𝑑𝑜𝑓  (in seconds) between the 
global and adaptive computations.

 (A) Global computation  (B) Adaptive computation  Ratio (A/B)
𝑡𝑑𝑜𝑓  (s)  5.9847e-02  1.1136e-05  5.3741e+03

of the computation around the diffuse interface. The global solver performs updates over all vertices of the surface mesh at every 
time step, regardless of whether they contribute to the interface dynamics. In contrast, the adaptive method restricts the updates to 
the active set, which consists of vertices located in a narrow band surrounding the diffuse interface. Since the AC dynamics evolve 
primarily near this interfacial region, the adaptive restriction eliminates a large number unnecessary updates in the bulk phases. The 
large ratio observed in Table 1 therefore confirms the principal advantage of the proposed adaptive method. The method preserves 
the relevant interfacial dynamics while significantly reducing the effective computational workload. As a consequence, the adaptive 
scheme provides a highly efficient approach for solving the surface AC equation on curved triangular meshes, particularly for problems 
in which the interface occupies only a small portion of the surface.

The memory usage of the adaptive method is also reduced compared with the global approach. While both methods share the 
same mesh connectivity and geometric data, the solver-specific arrays in the global computation are allocated for all vertices of the 
mesh. In contrast, the adaptive method allocates these arrays only for the active vertices near the diffuse interface. Consequently, the 
adaptive solver requires substantially less working memory when the active region occupies only a small portion of the surface. 

3.3.  Spinodal decomposition on a sphere

We examine spinodal decomposition [14] on the surface of a sphere of radius 𝑅 = 7. The time step is Δ𝑡 = 0.001, and the interface 
parameter is 𝜖 = 𝜖𝑚 = 𝑚ℎgeo∕2

√

2arctanh(0.9), 𝑚 = 8. The surface AC dynamics on the sphere start from a zero-mean random field with 
values as 

𝜙(𝑥, 𝑦, 𝑧, 0) = rand(𝑥, 𝑦, 𝑧), (14)

where rand(𝑥, 𝑦, 𝑧) denotes a uniformly distributed random number in [−0.5, 0.5] (see Fig. 10(a)). The evolution shows two main 
stages of phase separation. In the early stage (Fig. 10(b)), small fluctuations separate into two almost pure phases, and thin interfaces 
appear. In the later stage (Fig. 10(c)-(d)), the interfaces move by mean curvature, and domains merge or thin channels disappear. 
The total interfacial length on the closed surface decreases monotonically, and the late-time morphology tends to two macroscopic 
domains separated by a smooth closed curve.
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Fig. 10. Spinodal decomposition on a sphere and discrete energy dissipation. (a) Random perturbation. (b) Early spinodal decomposition: rapid 
formation of diffuse interfaces. (c) Intermediate coarsening by curvature-driven motion and topological reconnections. (d) Late-time morphology 
with two large domains separated by a smooth closed curve.

Fig. 11. Discrete surface Ginzburg–Landau energy 𝐸ℎ[𝜙𝑖] computed using cotangent weights and lumped areas.
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Fig. 12. Evolutionary dynamics of randomly perturbed numerical solutions for surface AC on the bunny surface.

Fig. 13. Discrete surface Ginzburg–Landau energy 𝐸ℎ
[

𝜙𝑖
] on the bunny surface, evaluated every time steps with cotangent weights and lumped 

areas; the curve decays monotonically.
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Fig. 14. Temporal evolution of the number of active surface vertices 𝑁𝑛
𝑝  used by the narrow band update on the bunny surface.

To verify the gradient-flow structure in discrete form, we compute the discrete Ginzburg–Landau energy for the phase-field 𝜙 as 

𝐸ℎ[𝜙𝑖] =
1
2
∑

𝑖<𝑗
𝑤𝑖𝑗

(

𝜙𝑖 − 𝜙𝑗
)2 + 1

4𝜖2

𝑀
∑

𝑖
𝐴𝑖

(

𝜙2
𝑖 − 1

)2, (15)

with weights 𝑤𝑖𝑗 = 0.5
(

cot 𝜃𝑖𝑗 + cot 𝜃𝑖𝑗+
)

 and lumped vertex areas 𝐴𝑖.

Remark 3. The surface AC equation is the 𝐿2-gradient flow of the Ginzburg–Landau energy. The discrete energy 𝐸ℎ in Eq. (15) 
mirrors this structure via cotangent weights and lumped vertex areas. The proposed algorithm uses a forward Euler update for the 
diffusion subproblem and an exact pointwise map for the reaction term. The method does not claim unconditional energy stability 
in the sense of convex-splitting, IEQ, or SAV schemes [47–53]. In general, monotone decay of 𝐸ℎ requires a CFL-type restriction on 
Δ𝑡 that controls the explicit diffusion update on the mesh. A sufficient vertexwise admissible time-step bound, which also implies a 
discrete maximum principle for cotangent Laplacians on admissible meshes, appears in Kim et al. [14]. Under such a restriction, our 
experiments exhibit strict monotone decay of 𝐸ℎ(𝑡) on both the sphere and bunny surfaces (Figs. 11 and 13). 

The energy curve 𝐸ℎ(𝑡) decreases strictly over the whole time interval, which confirms the discrete analogue

𝑑
𝑑𝑡
𝐸[𝜙(𝑡)] = ∫

(

∇𝜙 ⋅ ∇
𝜕𝜙
𝜕𝑡

+

(

𝜙3 − 𝜙
)

𝜖2
𝜕𝜙
𝜕𝑡

)

𝑑𝑆 = ∫

(

−Δ𝜙 +

(

𝜙3 − 𝜙
)

𝜖2

)

𝜕𝜙
𝜕𝑡
𝑑𝑆 (16)

= ∫
𝛿𝐸
𝛿𝜙

𝜕𝜙
𝜕𝑡
𝑑𝑆 = −∫

|

|

|

|

𝜕𝜙
𝜕𝑡

|

|

|

|

2
𝑑𝑆 ≈ −

𝑀
∑

𝑖
𝐴𝑖

(

𝜕𝜙𝑖
𝜕𝑡

)2
≤ 0, (17)

where  denotes the spherical surface, and the last approximation uses mass-lumped quadrature on the mesh. The decay is steep at 
early time because rapid interface formation dominates, and the rate becomes slower with an algebraic-like regime in the domain-
growth stage. During the computation, the order parameter stays in the range [−1, 1], and the interface width stays nearly constant. 
These results show that the time step and the spatial discretization are stable and satisfy the maximum-principle condition.

In this test, we simulate spinodal decomposition of the AC equation on a triangulated bunny surface. The initial condition is 
𝜙(𝑥, 𝑦, 𝑧, 0) = rand(𝑥, 𝑦, 𝑧), (18)

where rand(𝑥, 𝑦, 𝑧) is a random number in [−0.5, 0.5]. We use Δ𝑡 = 0.001 and 𝜖 = 𝜖𝑚 = 𝑚ℎgeo∕[2
√

2arctanh(0.9)] with 𝑚 = 8. The evo-
lution shows the typical two stages of phase separation. In the early stage, small fluctuations separate into two phases and smooth 
interfaces appear (Fig. 12(b)). Subsequently, curvature-driven coarsening dominates: interfaces migrate over the surface; thin chan-
nels pinch off, and domains merge, which reduces the total interfacial length (Fig. 12(c)-(d)).

The discrete Ginzburg–Landau energy 

𝐸ℎ
[

𝜙𝑖
]

= 1
2
∑

𝑖<𝑗
𝑤𝑖𝑗

(

𝜙𝑖 − 𝜙𝑗
)2 + 1

4𝜖2

𝑀
∑

𝑖
𝐴𝑖

(

𝜙2
𝑖 − 1

)2 (19)

computed with cotangent weights and lumped areas decreases monotonically over the entire run (Fig. 13), consistent with the 
gradient-flow structure of the proposed scheme.

Fig. 14 reports the time evolution of 𝑁𝑛
𝑝 , the number of active surface vertices updated by the adaptive narrow band strategy 

on the bunny surface. The active set is defined as the union of vertices with |𝜙𝑖| < 𝜏 and their one-ring neighborhood; it, therefore, 
approximates the interfacial region in which the phase-field varies most rapidly. Since assembly and updates are restricted to this set, 
𝑁𝑛
𝑝  is a direct proxy for the per-step computational work. The adaptive workload is reduced by a factor of about five to six between 

the start (𝑁0
𝑝 = 10742) and the quasi-steady states (𝑁𝑇

𝑝 = 1928). The curve decreases over time with small changes from topological 
events. This result shows that the narrow band follows the interface. The computational cost mainly depends on the interface length 
rather than the full mesh size.
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4.  Conclusions

In this work, we developed an adaptive method to solve the AC equation on curved surfaces. The method used triangulated 
meshes, the cotangent Laplace–Beltrami operator, and an operator-splitting approach. The adaptive narrow-band strategy updated 
only the interface region, which reduced computational cost while keeping good accuracy. Numerical tests on spherical and complex 
surfaces showed that the method captured interface motion and phase separation well. The results agreed with analytic solutions 
and showed faster computation than global methods. The method was accurate and efficient for phase-field simulations on curved 
surfaces. Future work will extend the approach to higher-order time discretization methods [54]. It will also consider coupling with 
bulk-surface dynamics and applications in biological and materials science.
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