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 a b s t r a c t

We present a space-adaptive, unconditionally maximum bound preserving algorithm for the three-
dimensional (3D) Allen–Cahn (AC) equation. The proposed method uses an operator splitting 
scheme with direction-wise implicit solvers and locally refined nonuniform meshes. This strat-
egy guarantees numerical stability even for large time steps and preserves the maximum bound 
throughout the simulation. Spatial adaptivity is used to concentrate computational resources in 
interfacial regions, where the phase field exhibits sharp transitions. This method maintains high 
resolution of interface dynamics while reducing the computational cost. The nonlinear reaction 
and linear diffusion components of the AC equation are treated separately; the nonlinear reac-
tion term is solved using an analytic solution, while the linear diffusion term is handled via a 
directionally split finite difference method (FDM) with tridiagonal solvers for computational effi-
ciency. To further improve computational performance, the mesh is adaptively updated at fixed 
time intervals based on the phase field gradient. In this method, we use fine grids near the diffuse 
interface and coarse grids in the other regions. Numerical tests, such as curvature-driven mo-
tion and droplet deformation, show that the scheme can accurately describe complex interface 
behavior in 3D space. The numerical results agree well with theoretical predictions and confirm 
that the method is stable, efficient, and suitable for large-scale phase-field simulations. This study 
provides a reliable algorithm for 3D simulations of interfacial dynamics based on the AC model 
and suggests directions for further development of adaptive numerical methods.

1.  Introduction

Interfacial dynamics, such as phase separation and droplet evolution, are important in materials science [1], chemical engineering, 
and biology [2]. The Allen–Cahn (AC) equation is a widely used phase-field model for simulating interface motion [3,4]. This nonlinear 
parabolic equation describes the time evolution of a phase-field variable that smoothly connects two phases without explicit interface 
tracking [5,6]. Many numerical methods exist for two-dimensional (2D) problems; however, three-dimensional (3D) simulations 
remain computationally expensive because the number of grid points increases greatly [7]. Stable and accurate 3D simulations must 
also control computational cost [8]. Conventional numerical methods often face difficulties when large time steps are used [9,10]. 
Recent studies have shown that unconditional stability, energy dissipation, and maximum bound preservation are important for 
phase-field simulations. Yang et al. [11] proposed high-order schemes with a cut-off step to enforce the maximum bound. Ju et al. 
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[12] developed stabilized SAV schemes that preserve energy dissipation and preserve the maximum bound principle. Li et al. [13] 
introduced a second-order semi-Lagrangian exponential time differencing scheme.

Mesh adaptation is important for the AC model because it resolves sharp interfaces and reduces computational cost [14–16]. A 
uniform mesh requires very fine grids over the whole domain, while an adaptive mesh refines only near interfaces and uses coarse 
grids elsewhere. This method improves accuracy and efficiency, especially in large-scale or 3D simulations. Wang et al. [15] applied 
adaptive mesh refinement with a lattice Boltzmann method and achieved accurate interface tracking with lower cost. Li et al. [16] 
developed a polygonal adaptive method that captures thin interfaces and preserves energy dissipation. Shah et al. [17] showed that 
adaptive finite element methods improve accuracy for steady and time-dependent problems. Zhang et al. [18] proposed a structure-
preserving BDF2 scheme that ensures energy stability, second-order accuracy, and the maximum bound principle. These results 
demonstrate the effectiveness of adaptive methods for the AC equation. In addition, mesh refinement studies [19,20] have been 
extensively studied in a broader range of contexts beyond the computational solution of the AC model.

The primary contributions and possible applications of this study are summarized as follows. We develop a 3D adaptive finite 
difference method (FDM) [21] that guarantees unconditional stability and preserves physical bounds of the solution. The proposed 
method efficiently resolves interfacial dynamics through local mesh refinement, which reduces computational cost while maintaining 
accuracy. It demonstrates stable and reliable performance for complex morphological changes, including curvature-driven motion 
and droplet breakup. The scheme is scalable and suitable for large-scale 3D simulations. Furthermore, the method can be applied to 
interfacial problems in materials science, fluid dynamics, chemical engineering, and biology. In addition, the proposed method can 
be extended to mass-conserving models [22].

The novelty of this work lies partly in dealing with a fundamental challenge that is specific to 3D AC dynamics. Unlike the 
two-dimensional case, where embedded closed interfaces become convex and eventually contract to a point, the three-dimensional 
evolution of general closed surfaces can involve singularities and topological transitions. In particular, a nonconvex 3D interface, such 
as a dumbbell-shaped interface, can develop a thin neck and eventually break into separate parts. Therefore, a 3D numerical algorithm 
is needed to accurately capture such complex interface dynamics. As a result, the numerical strategy used in two dimensions cannot 
be transferred directly to three dimensions without modification. This observation justifies the introduction of a space-adaptive algo-
rithm, which enables efficient and accurate resolution of thin interfaces, localized curvature concentration, and complex geometric 
transitions while preserving the unconditional maximum bound preserving property. In addition, the mesh size is more important in 
3D computations because a small decrease in the mesh size greatly increases the total number of grid points. Therefore, an efficient 
adaptive mesh strategy is especially important for 3D simulations. Furthermore, we extend the proposed algorithm to the AC model 
with a time-dependent interfacial parameter. The interfacial parameter and the finest mesh size are adjusted according to the current 
size of the interface. This extension allows the proposed method to be applied to a more general AC model and to maintain sufficient 
spatial resolution as the interface becomes smaller.

The rest of this paper is organized as follows. Section 2 describes the numerical algorithm based on operator splitting and local 
mesh refinement for the 3D AC equation. Section 3 presents computational experiments that verify the accuracy and efficiency of 
the proposed method through simulations of curvature-driven motion. Section 4 explains possible extensions of the adaptive FDM to 
domains with complex geometries. Section 5 provides a summary of the main results.

2.  Numerical solution algorithm

We now formulate the 3D AC equation, which serves as the basis for the proposed adaptive computational algorithm. The governing 
equation is defined on Ω = (𝐿𝑥, 𝑅𝑥) × (𝐿𝑦, 𝑅𝑦) × (𝐿𝑧, 𝑅𝑧) as

𝜕𝜙(𝐱, 𝑡)
𝜕𝑡

= −
𝐹 ′(𝜙(𝐱, 𝑡))

𝜖2
+ 𝜙𝑥𝑥(𝐱, 𝑡) + 𝜙𝑦𝑦(𝐱, 𝑡) + 𝜙𝑧𝑧(𝐱, 𝑡), (1)

𝐱 = (𝑥, 𝑦, 𝑧) ∈ Ω, 𝑡 > 0,

where 𝜙(𝐱, 𝑡) is the order parameter, 𝜖 is positive, and 𝐹 (𝜙) = 0.25(𝜙2 − 1)2. We use the zero Neumann boundary condition on 𝜕Ω: 
𝐧 ⋅ ∇𝜙(𝐱, 𝑡) = 0, where 𝐧 is the normal vector.

The detailed computational solution procedure is developed within an unconditionally maximum bound preserving and adaptive 
FDM that incorporates operator splitting and spatial mesh refinement. For a detailed account of the two-dimensional formulation 
and corresponding numerical implementation of the method discussed in this study, the reader is referred to [23], where the method 
is developed and analyzed in depth. To implement the operator splitting strategy, the 3D AC equation is decomposed into four sub-
equations: a nonlinear reaction term (2), and linear diffusion terms in the 𝑥-, 𝑦-, and 𝑧-directions given by Eqs. (3)–(5), respectively:

𝜕𝜙(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡

= −
𝐹 ′(𝜙(𝑥, 𝑦, 𝑧, 𝑡))

𝜖2
, (2)

𝜕𝜙(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡

= 𝜙𝑥𝑥(𝑥, 𝑦, 𝑧, 𝑡), (3)

𝜕𝜙(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡

= 𝜙𝑦𝑦(𝑥, 𝑦, 𝑧, 𝑡), (4)

𝜕𝜙(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡

= 𝜙𝑧𝑧(𝑥, 𝑦, 𝑧, 𝑡). (5)

Let Ω𝑛
𝑑 = {(𝑥𝑛𝑖 , 𝑦

𝑛
𝑗 , 𝑧

𝑛
𝑘)|1 ≤ 𝑖 ≤ 𝑁𝑛

𝑥 , 1 ≤ 𝑗 ≤ 𝑁𝑛
𝑦 , 1 ≤ 𝑘 ≤ 𝑁𝑛

𝑧 } denote the time-dependent nonuniform discrete domain at time 𝑡 = 𝑛Δ𝑡, 
where Δ𝑡 represents the temporal step size. At each grid point (𝑥𝑛𝑖 , 𝑦𝑛𝑗 , 𝑧𝑛𝑘) and time level 𝑛, the value of the phase-field variable is 

Communications in Nonlinear Science and Numerical Simulation 163 (2026) 110842 

2 



S. Kwak and J. Kim

denoted by 𝜙𝑛
𝑖𝑗𝑘 = 𝜙(𝑥𝑛𝑖 , 𝑦

𝑛
𝑗 , 𝑧

𝑛
𝑘, 𝑛Δ𝑡). Then, the closed-form solution after time Δ𝑡 of Eq. (2) is given by 

𝜙𝑛+1,1
𝑖𝑗𝑘 =

𝜙𝑛
𝑖𝑗𝑘

√

(

𝜙𝑛
𝑖𝑗𝑘

)2
+
[

1 −
(

𝜙𝑛
𝑖𝑗𝑘

)2
]

𝑒
−2Δ𝑡
𝜖2

,  for all 𝑖, 𝑗, 𝑘. (6)

Here, 𝜙𝑛+1,1 represents the intermediate solution obtained by solving the nonlinear reaction Eq. (2) with the initial condition 𝜙𝑛. The 
spatial mesh sizes are given by Δ𝑥𝑛𝑖 = 𝑥𝑛𝑖+1 − 𝑥𝑛𝑖  for 𝑖 = 1,… , 𝑁𝑛

𝑥 , Δ𝑦𝑛𝑗 = 𝑦𝑛𝑗+1 − 𝑦𝑛𝑗  for 𝑗 = 1,… , 𝑁𝑛
𝑦 , Δ𝑧𝑛𝑘 = 𝑧𝑛𝑘+1 − 𝑧𝑛𝑘 for 𝑘 = 1,… , 𝑁𝑛

𝑧 . 
To impose the zero Neumann boundary conditions on the discrete cell-centered domain, we use symmetric boundary mesh intervals 
given by Δ𝑥𝑛0 = Δ𝑥𝑛1, Δ𝑥𝑛𝑁𝑛

𝑥
= Δ𝑥𝑛𝑁𝑛

𝑥−1
, Δ𝑦𝑛0 = Δ𝑦𝑛1, Δ𝑦𝑛𝑁𝑛

𝑦
= Δ𝑦𝑛𝑁𝑛

𝑦−1
, Δ𝑧𝑛0 = Δ𝑧𝑛1, and Δ𝑧𝑛𝑁𝑛

𝑧
= Δ𝑧𝑛𝑁𝑛

𝑧−1
 together with the corresponding 

ghost point values. Here, 𝑥𝑛0, 𝑥𝑛𝑁𝑛
𝑥+1

, 𝑦𝑛0, 𝑦𝑛𝑁𝑛
𝑦+1

, 𝑧𝑛0, and 𝑧𝑛𝑁𝑛
𝑧+1

 denote ghost points. In the subsequent steps, the operator splitting 
technique is applied sequentially along each spatial axis to update the numerical solution using an FDM. We denote by 𝜙𝑛+1,2, 𝜙𝑛+1,3, 
and 𝜙𝑛+1 the intermediate solutions obtained by solving Eqs. (3)–(5), respectively. For fixed indices 𝑗 and 𝑘, Eq. (3) is solved implicitly 
for 𝑖 = 1,… , 𝑁𝑛

𝑥 : 

𝜙𝑛+1,2
𝑖𝑗𝑘 − 𝜙𝑛+1,1

𝑖𝑗𝑘

Δ𝑡
= 1

Δ𝑥𝑛
𝑖− 1

2

⎛

⎜

⎜

⎝

𝜙𝑛+1,2
𝑖+1,𝑗𝑘 − 𝜙𝑛+1,2

𝑖𝑗𝑘

Δ𝑥𝑛𝑖
−

𝜙𝑛+1,2
𝑖𝑗𝑘 − 𝜙𝑛+1,2

𝑖−1,𝑗𝑘

Δ𝑥𝑛𝑖−1

⎞

⎟

⎟

⎠

, (7)

where Δ𝑥𝑛
𝑖− 1

2

= (Δ𝑥𝑛𝑖−1 + Δ𝑥𝑛𝑖 )∕2. Eq. (7) can be rewritten as follows: 

− 1
Δ𝑥𝑛𝑖−1Δ𝑥

𝑛
𝑖− 1

2

𝜙𝑛+1,2
𝑖−1,𝑗𝑘 +

(

1
Δ𝑡

+ 2
Δ𝑥𝑛𝑖Δ𝑥

𝑛
𝑖−1

)

𝜙𝑛+1,2
𝑖𝑗𝑘 − 1

Δ𝑥𝑛𝑖Δ𝑥
𝑛
𝑖− 1

2

𝜙𝑛+1,2
𝑖+1,𝑗𝑘 =

𝜙𝑛+1,1
𝑖𝑗𝑘

Δ𝑡
, (8)

for 𝑖 = 1,… , 𝑁𝑛
𝑥 , which can be solved using an efficient Thomas algorithm [24]. Here, the homogeneous Neumann boundary condition 

is applied: 

𝜙𝑛+1,2
0𝑗𝑘 = 𝜙𝑛+1,2

1𝑗𝑘 , 𝜙𝑛+1,2
𝑁𝑛

𝑥+1,𝑗𝑘
= 𝜙𝑛+1,2

𝑁𝑛
𝑥 𝑗𝑘

,  for all 𝑗 = 1,… , 𝑁𝑛
𝑦  and 𝑘 = 1,… , 𝑁𝑛

𝑧 . (9)

After completing the procedure along the 𝑥-axis, the computation proceeds independently in the 𝑦-direction. The update is based on 
Eq. (4). In this step, the indices 𝑖 and 𝑘 are fixed, and the update is performed sequentially for each 𝑗 ranging from 1 to 𝑁𝑛

𝑦 . 

𝜙𝑛+1,3
𝑖𝑗𝑘 − 𝜙𝑛+1,2

𝑖𝑗𝑘

Δ𝑡
= 1

Δ𝑦𝑛
𝑗− 1

2

⎛

⎜

⎜

⎝

𝜙𝑛+1,3
𝑖,𝑗+1,𝑘 − 𝜙𝑛+1,3

𝑖𝑗𝑘

Δ𝑦𝑛𝑗
−

𝜙𝑛+1,3
𝑖𝑗𝑘 − 𝜙𝑛+1,3

𝑖,𝑗−1,𝑘

Δ𝑦𝑛𝑗−1

⎞

⎟

⎟

⎠

, (10)

where Δ𝑦𝑛
𝑗− 1

2

= (Δ𝑦𝑛𝑗−1 + Δ𝑦𝑛𝑗 )∕2. Eq. (10) admits the following equivalent formulation: 

− 1
Δ𝑦𝑛𝑗−1Δ𝑦

𝑛
𝑗− 1

2

𝜙𝑛+1,3
𝑖,𝑗−1,𝑘 +

(

1
Δ𝑡

+ 2
Δ𝑦𝑛𝑗Δ𝑦

𝑛
𝑗−1

)

𝜙𝑛+1,3
𝑖𝑗𝑘 − 1

Δ𝑦𝑛𝑗Δ𝑦
𝑛
𝑗− 1

2

𝜙𝑛+1,3
𝑖,𝑗+1,𝑘 =

𝜙𝑛+1,2
𝑖𝑗𝑘

Δ𝑡
, (11)

for 𝑗 = 1,… , 𝑁𝑛
𝑦 , which can be solved using an efficient Thomas algorithm. Here, the zero Neumann boundary condition is imposed: 

𝜙𝑛+1,3
𝑖0𝑘 = 𝜙𝑛+1,3

𝑖1𝑘 , 𝜙𝑛+1,3
𝑖,𝑁𝑛

𝑦+1,𝑘
= 𝜙𝑛+1,3

𝑖𝑁𝑛
𝑦 𝑘

,  for all 𝑖 = 1,… , 𝑁𝑛
𝑥 and 𝑘 = 1,… , 𝑁𝑛

𝑧 . (12)

Finally, using Eq. (5), 𝜙𝑛+1 is obtained by updating along the 𝑧-direction, while holding 𝑖 and 𝑗 constant. For 𝑘 = 1,… , 𝑁𝑛
𝑧 , 

𝜙𝑛+1
𝑖𝑗𝑘 − 𝜙𝑛+1,3

𝑖𝑗𝑘

Δ𝑡
= 1

Δ𝑧𝑛
𝑘− 1

2

(

𝜙𝑛+1
𝑖𝑗,𝑘+1 − 𝜙𝑛+1

𝑖𝑗𝑘

Δ𝑧𝑛𝑘
−

𝜙𝑛+1
𝑖𝑗𝑘 − 𝜙𝑛+1

𝑖𝑗,𝑘−1

Δ𝑧𝑛𝑘−1

)

, (13)

where Δ𝑧𝑛
𝑘− 1

2

= (Δ𝑧𝑛𝑘−1 + Δ𝑧𝑛𝑘)∕2. Eq. (13) can be rewritten as follows: 

− 1
Δ𝑧𝑛𝑘−1Δ𝑧

𝑛
𝑘− 1

2

𝜙𝑛+1
𝑖𝑗,𝑘−1 +

(

1
Δ𝑡

+ 2
Δ𝑧𝑛𝑘Δ𝑧

𝑛
𝑘−1

)

𝜙𝑛+1
𝑖𝑗𝑘 − 1

Δ𝑧𝑛𝑘Δ𝑧
𝑛
𝑘− 1

2

𝜙𝑛+1
𝑖𝑗,𝑘+1 =

𝜙𝑛+1,3
𝑖𝑗𝑘

Δ𝑡
, (14)

𝑘 = 1,… , 𝑁𝑛
𝑧 , which can be solved using an efficient Thomas algorithm. Here, the zero Neumann boundary condition is imposed: 

𝜙𝑛+1
𝑖𝑗0 = 𝜙𝑛+1

𝑖𝑗1 , 𝜙𝑛+1
𝑖𝑗,𝑁𝑛

𝑧+1
= 𝜙𝑛+1

𝑖𝑗𝑁𝑛
𝑧
,  for all 𝑖 = 1,… , 𝑁𝑛

𝑥 and 𝑗 = 1,… , 𝑁𝑛
𝑦 . (15)

To summarize, the numerical scheme effectively solves the following equation on the domain Ω𝑛
ℎ:
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Fig. 1. Diagrammatic representation of the AMR strategy. (a) Identification of the diffuse interface region |𝜙| < 0.98 and buffer points in a fine 
uniform mesh. (b) Refined mesh.

𝜙𝑛+1
𝑖𝑗𝑘 − 𝜙𝑛+1,1

𝑖𝑗𝑘

Δ𝑡
= 1

Δ𝑥𝑛
𝑖− 1

2

⎛

⎜

⎜

⎝

𝜙𝑛+1,2
𝑖+1,𝑗𝑘 − 𝜙𝑛+1,2

𝑖𝑗𝑘

Δ𝑥𝑛𝑖
−

𝜙𝑛+1,2
𝑖𝑗𝑘 − 𝜙𝑛+1,2

𝑖−1,𝑗𝑘

Δ𝑥𝑛𝑖−1

⎞

⎟

⎟

⎠

+ 1
Δ𝑦𝑛

𝑗− 1
2

⎛

⎜

⎜

⎝

𝜙𝑛+1,3
𝑖,𝑗+1,𝑘 − 𝜙𝑛+1,3

𝑖𝑗𝑘

Δ𝑦𝑛𝑗
−

𝜙𝑛+1,3
𝑖𝑗𝑘 − 𝜙𝑛+1,3

𝑖,𝑗−1,𝑘

Δ𝑦𝑛𝑗−1

⎞

⎟

⎟

⎠

+ 1
Δ𝑧𝑛

𝑘− 1
2

(

𝜙𝑛+1
𝑖𝑗,𝑘+1 − 𝜙𝑛+1

𝑖𝑗𝑘

Δ𝑧𝑛𝑘
−

𝜙𝑛+1
𝑖𝑗𝑘 − 𝜙𝑛+1

𝑖𝑗,𝑘−1

Δ𝑧𝑛𝑘−1

)

,

where 𝜙𝑛+1,1
𝑖𝑗𝑘 = 𝜙𝑛

𝑖𝑗𝑘∕
√

(𝜙𝑛
𝑖𝑗𝑘)

2 + [1 − (𝜙𝑛
𝑖𝑗𝑘)

2]𝑒−2Δ𝑡∕𝜖2 .
We present a strategy for constructing an adaptive mesh tailored to efficiently resolve interfacial dynamics. The method begins 

with the specification of a uniform reference grid with spatial resolution ℎ. Fig. 1(a) illustrates the spatial discretization, where the 
uniform fine grid spacing ℎ is indicated along each of the 𝑥-, 𝑦-, and 𝑧-axes. The potential mesh nodes are located at the center points 
of the corresponding grid intervals. Mesh refinement is guided by the diffuse interface region, shown in gray, which is defined by the 
condition |𝜙(𝑥, 𝑦, 𝑧, 𝑡)| < 0.98 for the phase-field variable. As the phase-field variable shows minimal variation outside the transition 
region, computational resources are concentrated within the interfacial zone. Blue dots correspond to nodes located in the interfacial 
zone, while red dots denote buffer nodes surrounding it. The identified nodes are subsequently mapped onto each of the coordinate 
directions. The adaptive mesh is ultimately generated by merging the projected points with a coarse base grid, marked by black 
circles, which includes the endpoints of the computational domain as essential nodes. The values of the phase-field variable on the 
newly generated mesh are computed using linear interpolation based on the previous grid configuration. Fig. 1(b) illustrates the 
resulting spatial mesh used for solving the AC equation.

For clarity, the complete space-adaptive solution procedure is summarized in Algorithm 1. 
The proposed adaptive numerical method is constructed to unconditionally preserve the maximum bound. Consequently, the 

numerical solution remains bounded within the physically admissible range for any choice of time step size. Specifically, if ‖𝜙𝑛
‖∞ ≤ 1, 

then the inequality ‖𝜙𝑛+1
‖∞ ≤ 1 also holds. We now present the proof of the unconditional maximum bound preserving property. 

The discrete 𝓁∞-norm is defined as ‖𝜙𝑛
‖∞ = max𝑖,𝑗,𝑘 |𝜙𝑛

𝑖𝑗𝑘|.

Lemma 1. Let 𝑛→𝑛̃ denote the trilinear interpolation operator that transfers a grid function from the old mesh to the reconstructed mesh. 
Then, 

‖𝑛→𝑛̃𝑣‖∞ ≤ ‖𝑣‖∞.

In particular, if −1 ≤ 𝑣𝑖𝑗𝑘 ≤ 1 at all nodes of the old mesh, then the interpolated values on the reconstructed mesh also belong to [−1, 1].
Proof. Consider a new grid point (𝑥̃𝑖, 𝑦̃𝑗 , 𝑧̃𝑘) ∈ [𝑥𝑝, 𝑥𝑝+1] × [𝑦𝑞 , 𝑦𝑞+1] × [𝑧𝑟, 𝑧𝑟+1]. Define 

𝜉 =
𝑥̃𝑖 − 𝑥𝑝

𝑥𝑝+1 − 𝑥𝑝
, 𝜂 =

𝑦̃𝑗 − 𝑦𝑞
𝑦𝑞+1 − 𝑦𝑞

, 𝜁 =
𝑧̃𝑘 − 𝑧𝑟
𝑧𝑟+1 − 𝑧𝑟

,

where 0 ≤ 𝜉, 𝜂, 𝜁 ≤ 1. Set 𝑤𝑥
0 = 1 − 𝜉, 𝑤𝑥

1 = 𝜉, 𝑤𝑦
0 = 1 − 𝜂, 𝑤𝑦

1 = 𝜂, 𝑤𝑧
0 = 1 − 𝜁 , and 𝑤𝑧

1 = 𝜁 . The trilinearly interpolated value is 

𝑣̃𝑖𝑗𝑘 =
1
∑

𝛼,𝛽,𝛾=0
𝑤𝑥

𝛼𝑤
𝑦
𝛽𝑤

𝑧
𝛾𝑣𝑝+𝛼,𝑞+𝛽,𝑟+𝛾 .
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Algorithm 1 Space-adaptive algorithm for the 3D Allen–Cahn equation.
Require: Fine mesh size ℎ, time step Δ𝑡, remeshing interval 𝑁𝑟, interface threshold 𝜂, buffer width 𝑁𝑏, and coarse grid stride 𝑠.
1: Construct the uniform fine reference grids in the 𝑥-, 𝑦-, and 𝑧-directions with mesh size ℎ.
2: Construct the coarse base grids by selecting every 𝑠th point from each fine reference grid.
3: Set the initial phase field 𝜙0 on the fine reference mesh.
4: Identify the interfacial points that satisfy |𝜙0

𝑖𝑗𝑘| < 𝜂.
5: Project the interfacial points onto the three coordinate directions and add 𝑁𝑏 buffer points on both sides.
6: Construct the initial adaptive mesh by combining the buffered points with the coarse base grid points.
7: Transfer 𝜙0 to the initial adaptive mesh and construct the tridiagonal systems for the three directional diffusion steps.
8: for 𝑛 = 0, 1,… , 𝑁𝑡 − 1 do
9:  if 𝑛 > 0 and mod(𝑛 + 1, 𝑁𝑟) = 0 then
10:  Identify the current interfacial points that satisfy |𝜙𝑛

𝑖𝑗𝑘| < 𝜂.
11:  Map the identified points to the fine reference grids, project them onto the three coordinate directions, and add 𝑁𝑏 buffer 

points on both sides.
12:  Construct the new adaptive mesh by combining the buffered points with the coarse base-grid points.
13:  Transfer 𝜙𝑛 to the new mesh by trilinear interpolation.
14:  Recompute the mesh widths and tridiagonal coefficients.
15:  end if
16:  Compute the nonlinear reaction step using Eq. (6).
17:  Solve the 𝑥-direction diffusion step using Eq. (8).
18:  Solve the 𝑦-direction diffusion step using Eq. (11).
19:  Solve the 𝑧-direction diffusion step using Eq. (14).
20: end for

All interpolation weights are nonnegative, and they satisfy ∑1
𝛼,𝛽,𝛾=0 𝑤

𝑥
𝛼𝑤

𝑦
𝛽𝑤

𝑧
𝛾 = 1. Therefore, 

|𝑣̃𝑖𝑗𝑘| ≤
1
∑

𝛼,𝛽,𝛾=0
𝑤𝑥

𝛼𝑤
𝑦
𝛽𝑤

𝑧
𝛾 |𝑣𝑝+𝛼,𝑞+𝛽,𝑟+𝛾 | ≤ ‖𝑣‖∞

1
∑

𝛼,𝛽,𝛾=0
𝑤𝑥

𝛼𝑤
𝑦
𝛽𝑤

𝑧
𝛾 = ‖𝑣‖∞.

The maximum over all new grid points gives 
‖𝑣̃𝑖𝑗𝑘‖∞ ≤ ‖𝑣‖∞.

Hence, trilinear interpolation preserves the interval [−1, 1]. ∎
Theorem 1. Assume that the numerical solution at time level 𝑛 satisfies the boundedness condition ‖𝜙𝑛

‖∞ ≤ 1. Then, the numerical solution 
at the subsequent time level also preserves this property, namely, ‖𝜙𝑛+1

‖∞ ≤ 1. 
Proof. We first note that the nonlinear reaction Eq. (2) admits the closed-form solution (6), which satisfies 

|𝜙𝑛+1,1
𝑖𝑗𝑘 | =

|𝜙𝑛
𝑖𝑗𝑘|

√

(

𝜙𝑛
𝑖𝑗𝑘

)2
+
[

1 −
(

𝜙𝑛
𝑖𝑗𝑘

)2
]

𝑒
−2Δ𝑡
𝜖2

≤
|𝜙𝑛

𝑖𝑗𝑘|
√

(

𝜙𝑛
𝑖𝑗𝑘

)2
= 1, (16)

where the assumption ‖𝜙𝑛
‖∞ ≤ 1 has been used. If 𝜙𝑛

𝑖𝑗𝑘 = 0, then Eq. (6) directly gives 𝜙𝑛+1,1
𝑖𝑗𝑘 = 0, and the bound holds trivially. 

Therefore, it follows that ‖𝜙𝑛+1,1
‖∞ ≤ 1.

Next, we consider the diffusion Eqs. (3)–(5). Each of these subproblems is discretized implicitly, as shown in Eqs. (8), (11) and
(14). Eq. (8) can be defined in matrix form as 

𝑀𝑥𝝓
𝑛+1,2
𝑗𝑘 = 𝝓𝑛+1,1

𝑗𝑘 ,

where 𝝓𝑛
𝑗𝑘 = (𝜙𝑛

1𝑗𝑘, 𝜙
𝑛
2𝑗𝑘,… , 𝜙𝑛

𝑁𝑛
𝑥−1,𝑗𝑘

, 𝜙𝑛
𝑁𝑛

𝑥 𝑗𝑘
)𝑇 , and 

𝑀𝑥 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
Δ𝑡

+ 1
Δ𝑥𝑛0Δ𝑥

𝑛
1
2

− 1
Δ𝑥𝑛1

2

Δ𝑥𝑛1
0 ⋯ 0

− 1
Δ𝑥𝑛1Δ𝑥

𝑛
3
2

1
Δ𝑡

+ 2
Δ𝑥𝑛1Δ𝑥

𝑛
2

− 1
Δ𝑥𝑛3

2

Δ𝑥𝑛2
⋱ ⋮

0 ⋱ ⋱ ⋱ 0

⋮ ⋱ − 1
Δ𝑥𝑛𝑁𝑛

𝑥−2
Δ𝑥𝑛

𝑁𝑛
𝑥−

3
2

1
Δ𝑡

+ 2
Δ𝑥𝑛𝑁𝑛

𝑥−2
Δ𝑥𝑛𝑁𝑛

𝑥−1
− 1
Δ𝑥𝑛

𝑁𝑛
𝑥−

3
2

Δ𝑥𝑛𝑁𝑛
𝑥−1

0 ⋯ 0 − 1
Δ𝑥𝑛𝑁𝑛

𝑥−1
Δ𝑥𝑛

𝑁𝑛
𝑥−

1
2

1
Δ𝑡

+ 1
Δ𝑥𝑛𝑁𝑛

𝑥−1
Δ𝑥𝑛

𝑁𝑛
𝑥−

1
2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.
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The matrix 𝑀𝑥 is strictly diagonally dominant because, in every row, the absolute value of the diagonal entry exceeds the sum of 
the absolute values of the off-diagonal entries. According to the Lévy–Desplanques theorem [25], any strictly diagonally dominant 
matrix is nonsingular. Therefore, 𝑀𝑥 is invertible for any choice of positive mesh spacings Δ𝑥𝑛𝑖  and time step size Δ𝑡 > 0, which 
guarantees the existence and uniqueness of the solution to the linear system. Eq. (8) can be rewritten as 

(

1
Δ𝑡

+ 2
Δ𝑥𝑛𝑖−1Δ𝑥

𝑛
𝑖

)

𝜙𝑛+1,2
𝑖𝑗𝑘 = 1

Δ𝑡
𝜙𝑛+1,1
𝑖𝑗𝑘 + 1

Δ𝑥𝑛𝑖−1Δ𝑥
𝑛
𝑖− 1

2

𝜙𝑛+1,2
𝑖−1,𝑗𝑘 +

1
Δ𝑥𝑛

𝑖− 1
2

Δ𝑥𝑛𝑖
𝜙𝑛+1,2
𝑖+1,𝑗𝑘.

If we take absolute values and use the triangle inequality, we obtain
(

1
Δ𝑡

+ 2
Δ𝑥𝑛𝑖−1Δ𝑥

𝑛
𝑖

)

|𝜙𝑛+1,2
𝑖𝑗𝑘 | =

|

|

|

|

|

|

|

1
Δ𝑡

𝜙𝑛+1,1
𝑖𝑗𝑘 + 1

Δ𝑥𝑛𝑖−1Δ𝑥
𝑛
𝑖− 1

2

𝜙𝑛+1,2
𝑖−1,𝑗𝑘 +

1
Δ𝑥𝑛

𝑖− 1
2

Δ𝑥𝑛𝑖
𝜙𝑛+1,2
𝑖+1,𝑗𝑘

|

|

|

|

|

|

|

≤ 1
Δ𝑡

|

|

|

𝜙𝑛+1,1
𝑖𝑗𝑘

|

|

|

+ 1
Δ𝑥𝑛𝑖−1Δ𝑥

𝑛
𝑖− 1

2

|

|

|

𝜙𝑛+1,2
𝑖−1,𝑗𝑘

|

|

|

+ 1
Δ𝑥𝑛

𝑖− 1
2

Δ𝑥𝑛𝑖
|

|

|

𝜙𝑛+1,2
𝑖+1,𝑗𝑘

|

|

|

≤ 1
Δ𝑡

‖

‖

‖

𝜙𝑛+1,1‖
‖

‖∞
+

Δ𝑥𝑛𝑖−1 + Δ𝑥𝑛𝑖
Δ𝑥𝑛𝑖−1Δ𝑥

𝑛
𝑖− 1

2

Δ𝑥𝑛𝑖
‖

‖

‖

𝜙𝑛+1,2‖
‖

‖∞
.

By taking the maximum over all indices, we obtain 
‖

‖

‖

𝜙𝑛+1,2‖
‖

‖∞
≤ ‖

‖

‖

𝜙𝑛+1,1‖
‖

‖∞
.

By applying the same argument to the 𝑦-direction and 𝑧-direction diffusion steps given in Eqs. (11) and (14), we find that 
‖

‖

‖

𝜙𝑛+1,3‖
‖

‖∞
≤ ‖

‖

‖

𝜙𝑛+1,2‖
‖

‖∞
,  and ‖‖

‖

𝜙𝑛+1‖
‖

‖∞
≤ ‖

‖

‖

𝜙𝑛+1,3‖
‖

‖∞
.

Consequently, each implicit diffusion step in any spatial direction does not increase the discrete 𝓁∞-norm of the numerical solution.
At a mesh-update time, let 𝜙̃𝑛+1 denote the numerical solution transferred from the current mesh to the reconstructed mesh by 

trilinear interpolation. Lemma 1 gives 
‖

‖

‖

𝜙̃𝑛+1‖
‖

‖∞
≤ ‖

‖

‖

𝜙𝑛+1‖
‖

‖∞
≤ 1.

If no mesh update is performed, we simply set 𝜙̃𝑛+1 = 𝜙𝑛+1. Therefore, the complete adaptive procedure, which consists of the reaction 
step, the three direction-wise diffusion steps, and the mesh interpolation step, preserves the maximum bound without any restriction 
on Δ𝑡. After the mesh redistribution, we relabel 𝜙̃𝑛+1 as 𝜙𝑛+1. ∎

Comprehensive details in the context of a two-dimensional case can be found in [23].
Although the present scheme is first-order accurate in time, the algorithm can be extended to have second-order temporal accuracy. 

One possible method is to use a symmetric second-order splitting for the reaction and diffusion operators and apply the Douglas–Gunn 
ADI method [26] to the diffusion step. The Douglas–Gunn method has been successfully applied to the 3D AC equation with second-
order temporal accuracy [27]. Such an extension would retain the direction-wise computational structure of the present method, 
although a separate analysis would be needed to verify the maximum bound preserving property.

3.  Computational tests

We perform numerical tests on the 3D AC equation to test the fidelity and efficiency of the developed adaptive method. In 
the simulations, the interfacial thickness parameter is chosen as 𝜖𝑚 = 𝑚ℎ∕[2

√

2 tanh−1(0.9)], where 𝑚 is a positive integer. Here, ℎ
represents the minimum of the spatial step sizes Δ𝑥, Δ𝑦, and Δ𝑧 in the initial computational mesh Ω0

ℎ. Unless otherwise stated, the 
zero Neumann boundary condition (Eqs. (9), (12), and (15)) is used as the boundary condition.

3.1.  Numerical convergence

Numerical experiments are performed using a traveling wave solution of the AC equation in order to quantitatively evaluate the 
convergence rate of the proposed algorithm. This test allows for quantitative evaluation of the spatial and temporal discretization 
errors by comparing the numerical and exact solutions. Temporal and spatial convergence tests are conducted separately so that the 
accuracy of each discretization can be examined. The following traveling wave solution is considered 

Φ(𝑥, 𝑦, 𝑧, 𝑡) = 1
2

(

1 + tanh

(

1 − 𝑥 − 𝑠𝑡

2
√

2𝜖

))

,

where 𝑠 = 3∕(
√

2𝜖) denotes the speed of the traveling wave. The computational domain is defined as Ω = (0, 1.5) × (0, 0.25) × (0, 0.25). 
The initial condition is obtained from the exact solution at 𝑡 = 0: 

𝜙(𝑥, 𝑦, 𝑧, 0) = 1
2

(

1 + tanh

(

1 − 𝑥

2
√

2𝜖

))

,
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Table 1 
Temporal convergence errors and orders at final time 𝑇 .
Δ𝑡 2−11 2−12 2−13 2−14 2−15

‖𝑒𝑛‖∞ 1.245703e-2 6.270336e-3 3.150358e-3 1.583393e-3 7.981230e-4
 order 0.99 0.99 0.99 0.99
‖𝑒𝑛‖2 1.142986e-3 5.718999e-4 2.864005e-4 1.436533e-4 7.228644e-5
 order 1.00 1.00 1.00 0.99

Table 2 
Spatial convergence errors and orders at final time 𝑇 .
ℎ 1∕8 1∕16 1∕32 1∕64 1∕128

‖𝑒𝑛‖∞ 3.070938e-2 8.128632e-3 2.496995e-3 6.628985e-4 1.703634e-4
 order 1.92 1.70 1.91 1.96
‖𝑒𝑛‖2 3.029900e-3 7.792141e-4 2.003330e-4 5.096973e-5 1.319676e-5
 order 1.96 1.96 1.97 1.95

and the solution is evolved to a final time 𝑇 . We fix the parameter 𝜖 = 0.1875∕(2
√

2 tanh−1(0.9)). The convergence test uses the 
nonuniform spatial discretization. The mesh contains two distinct spatial resolutions, namely the coarse spacing 2ℎ and the refined 
spacing ℎ. The refined mesh is used in the interfacial region, whereas the coarse mesh is used away from the interface. The mesh 
configuration may change as the interface moves. The same refinement, remeshing, and interpolation procedures are applied at every 
resolution.

For the temporal convergence test, we fix the fine spatial mesh size as ℎ = 1∕256 and set the final time 𝑇 = 0.00390625. The time 
step sizes are selected as Δ𝑡 = 2−11, 2−12, 2−13, 2−14, and 2−15. The sufficiently fine spatial mesh is selected so that the temporal 
discretization error dominates the spatial discretization error over the considered range of Δ𝑡.

For the spatial convergence test, the final time is set to 𝑇 = 0.003125. The fine mesh size ℎ is systematically reduced by a factor 
of two. We use ℎ = 1∕8, 1∕16, 1∕32, 1∕64, and 1∕128. The time step size is chosen as Δ𝑡 = 0.1 × 2−20. Because the time integration is 
first-order accurate, this choice yields a temporal error of order 𝑂(ℎ2). Therefore, the temporal discretization error does not reduce the 
expected second-order spatial convergence rate. Let 𝑒𝑛𝑖𝑗𝑘 = 𝜙𝑛

𝑖𝑗𝑘 − Φ(𝑥𝑛𝑖 , 𝑦
𝑛
𝑗 , 𝑧

𝑛
𝑘, 𝑛Δ𝑡). The numerical errors are measured in the discrete 

𝓁∞-norm and 𝓁2-norm as follows: 

‖𝑒𝑛‖∞ = max
𝑖,𝑗,𝑘

|𝑒𝑛𝑖𝑗𝑘|, ‖𝑒𝑛‖2 =

√

√

√

√

√

𝑁𝑛
𝑥

∑

𝑖=1

𝑁𝑛
𝑦

∑

𝑗=1

𝑁𝑛
𝑧

∑

𝑘=1
|𝑒𝑛𝑖𝑗𝑘|

2Δ𝑥𝑛
𝑖− 1

2

Δ𝑦𝑛
𝑗− 1

2

Δ𝑧𝑛
𝑘− 1

2

.

The temporal errors and their corresponding convergence orders are summarized in Table 1. Both the discrete 𝓁∞- and 𝓁2-errors 
decrease by approximately a factor of two when the time-step size is halved. The measured convergence orders are close to one for all 
time-step sizes. These results confirm that the proposed algorithm is first-order accurate in time, which is consistent with the operator 
splitting procedure and the first-order time integration used in the diffusion solver.

Table 2 presents the spatial convergence results. The errors decrease by approximately a factor of four when the mesh size is 
reduced by a factor of two. The corresponding convergence orders remain close to two. Therefore, the proposed nonuniform spatial 
discretization provides second-order spatial accuracy.

Fig. 2 illustrates the simulation results obtained for ℎ = 1∕64, Δ𝑡 = 0.25ℎ2 and 𝑇 = 0.003125. The numerical solution is observed 
to be in close visual agreement with the analytical solution.

3.2.  Motion by mean curvature

We consider the motion by mean curvature using a 3D AMR strategy. The numerical domain is defined as Ω = (−0.5, 0.5)3. The 
initial condition is given by 

𝜙(𝑥, 𝑦, 𝑧, 0) = tanh

(

𝑟0 −
√

𝑥2 + 𝑦2 + 𝑧2
√

2𝜖

)

,

where 𝑟0 denotes the radius of the initial spherical interface, with 𝑟0 = 0.3. The interfacial thickness parameter is set to 𝜖 = 𝜖10, the 
smallest spatial step size is set to ℎ = 1∕100, and the time step size is set to Δ𝑡 = 0.25ℎ2. The final time is chosen so that the sphere 
vanishes completely under the mean curvature flow. To improve computational efficiency, the mesh is adaptively updated every ten 
time steps by refining near the diffuse interface region where |𝜙| < 0.98 and coarsening elsewhere. To examine the energy behavior 
of the numerical solution, we define the discrete energy on the nonuniform mesh as follows: 

𝑑 (𝜙𝑛) = 1
2
∑

𝑖,𝑗,𝑘
|∇ℎ𝜙

𝑛
𝑖𝑗𝑘|

2Δ𝑥𝑛
𝑖− 1

2
Δ𝑦𝑛

𝑗− 1
2
Δ𝑧𝑛

𝑘− 1
2
+ 1

𝜖2
∑

𝑖,𝑗,𝑘
𝐹 (𝜙𝑛

𝑖𝑗𝑘)Δ𝑥
𝑛
𝑖− 1

2
Δ𝑦𝑛

𝑗− 1
2
Δ𝑧𝑛

𝑘− 1
2
.

In the following numerical experiments, we use the normalized discrete energy 𝑑 (𝜙𝑛)∕𝑑 (𝜙0) to show its change over time.
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Fig. 2. The time evolution of the traveling wave solution. (a) Numerical solution. (b) Analytical solution.

Fig. 3. The first row presents 3D snapshots of the temporal evolution of the sphere. The second row shows the corresponding adaptive meshes 
used at the times shown in the first-row results. For visualization purposes, a resolution that is coarser by a factor of two than that of the actual 
computational mesh is used.

Figs. 3 and 4 present the results of this numerical experiment. At 𝑡 = 0, 𝑡 = 440Δ𝑡, and 𝑡 = 880Δ𝑡, Fig. 3(a) presents 3D visualizations 
of the interface defined by the zero isosurface of the phase-field variable 𝜙. The sphere becomes smaller over time, and its round 
shape is well preserved during the computation. In Fig. 3(b), the corresponding adaptive meshes are shown. As expected, the mesh is 
refined around the interface and coarsened elsewhere. This adaptivity allows for efficient resolution of the interfacial transition layer 
without excessive computational cost.

Fig. 4(a) compares the numerical radius with the theoretical radius. The numerical result agrees well with the theoretical prediction 
throughout the simulation. Fig. 4(b) shows the normalized discrete energy 𝑑 (𝜙𝑛)∕𝑑 (𝜙0). The discrete energy decreases monotonically 
as the sphere shrinks, and no noticeable increase is observed at the remeshing times. This result numerically indicates that the mesh 
redistribution and interpolation do not disturb the energy decay in this simulation.
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Fig. 4. (a) Changes in theoretical and numerical radii over time. (b) Monotonic decay of the normalized discrete energy 𝑑 (𝜙𝑛)∕𝑑 (𝜙0).

3.3.  Breakup dynamics of a dumbbell-shaped droplet

To investigate the effectiveness of the proposed adaptive refinement strategy in resolving topological changes, we consider the 
evolution of a dumbbell-shaped interface. The initial condition is designed as a dumbbell-shaped interface, which consists of two 
spheres smoothly connected by a cylindrical neck. The initial condition is specified by 

𝜙(𝑥, 𝑦, 𝑧, 0) = tanh

(

max{𝑑1, 𝑑2, 𝑑neck}
√

2𝜖

)

,

where the geometric quantities 𝑑1, 𝑑2, and 𝑑neck are defined as

𝑑1 = 𝑟0 −
√

(𝑥 − 0.5)2 + 𝑦2 + 𝑧2, 𝑑2 = 𝑟0 −
√

(𝑥 + 0.5)2 + 𝑦2 + 𝑧2,

𝑑neck =

{

𝑤 −
√

𝑦2 + 𝑧2 if − 0.5 < 𝑥 < 0.5
−1 otherwise

.

Here, 𝑟0 = 0.3 denotes the radius of the spheres, and 𝑤 = 0.15 is the neck radius. The domain is defined as Ω = (−1, 1) × (−0.5, 0.5) ×
(−0.5, 0.5) with 𝜖 = 𝜖4. The finest mesh has a grid step size of ℎ = 1∕128, and mesh refinement is performed every 10 iterations with 
a time step size of Δ𝑡 = 0.0001. Fig. 5 displays the time evolution of the interface (Fig. 5(a)) and the corresponding adaptive mesh 
structure (Fig. 5(b)) at 𝑡 = 0, 𝑡 = 150Δ𝑡, and 𝑡 = 300Δ𝑡. As the simulation progresses, the neck region becomes progressively thinner 
and eventually undergoes a topological separation.

This numerical experiment highlights the capability of our scheme to resolve complex morphological transitions, such as interface 
breakup, with minimal computational cost and without sacrificing accuracy.

Fig. 6 displays the normalized discrete energy and the maximum and minimum values of 𝜙𝑛. The discrete energy decreases during 
the simulation, while the numerical solution remains within [−1, 1]. These results numerically support the energy decay and maximum 
bound preserving property during the topological change.

3.4.  Evolution of multiple spheres with different initial radii

To evaluate the robustness of the adaptive refinement strategy for interfaces of heterogeneous scale, we consider the simultaneous 
shrinkage of three isolated spheres. The phase field is prescribed as the maximum of three signed–distance functions, 

𝜙(𝑥, 𝑦, 𝑧, 0) = tanh

(

max𝑖=1,2,3{𝑟𝑖 −
√

(𝑥 − 𝑥𝑖)2 + (𝑦 − 𝑦𝑖)2 + (𝑧 − 𝑧𝑖)2}
√

2𝜖

)

,

with radii 𝑟1 = 0.6, 𝑟2 = 0.4, 𝑟3 = 0.2, and centres (𝑥𝑖, 𝑦𝑖, 𝑧𝑖) ∈ {(0.7, 0.7, 0.7), (1.2, 1.5, 1.5), (1.7, 0.8, 1.5)}. The computational domain 
Ω = (0, 2)3 is discretised by the finest grid spacing ℎ = 1∕64. The interfacial thickness parameter is 𝜖 = 𝜖4. A time step size Δ𝑡 = 10−4

is used, and mesh refinement is triggered every 20 time steps.
Table 3 reports the total CPU times for both the adaptive and uniform mesh simulations. The simulations are performed in MATLAB 

R2024b using a desktop system with an Intel Core i9-13900K processor (3.00GHz) and 32 GB of RAM. The uniform mesh uses a 
spatial step size ℎ = 1∕45, which is deliberately selected so that its total CPU time is comparable to that of the adaptive simulation 
with the finest mesh size ℎ = 1∕64. Except for the spatial resolution, all other computational parameters are kept identical. For the 
adaptive computation, the number of grid points changes dynamically as the interfaces evolve; therefore, the grid size reported in 
Table 3 corresponds to the final time 𝑡 = 𝑇 . Although the computational costs are nearly identical, the accuracy of the solutions differs 
significantly, as shown in Fig. 7.

Fig. 7 compares the temporal evolution of three different spheres with different initial radii under curvature-driven motion. In 
Fig. 7, the first row shows the initial configuration together with both the adaptive mesh and the uniform mesh. The second row 
presents the adaptive mesh results at 𝑡 = 200Δ𝑡, 𝑡 = 500Δ𝑡, and 𝑡 = 1000Δ𝑡. The third row shows simulation results on a uniform grid 
at the same times as the second-row results. For visualization purposes, all meshes shown in Fig. 7 are rendered with a resolution 
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Fig. 5. The first row shows the time evolution of a dumbbell-shaped interface. The second row shows the corresponding adaptive mesh refinements.

Fig. 6. Temporal evolution of (a) the normalized discrete energy 𝑑 (𝜙𝑛)∕𝑑 (𝜙0) and (b) the maximum and minimum values of 𝜙𝑛 for the dumbbell-
shaped interface.

Table 3 
CPU time comparison between adaptive refinement and uni-
form mesh. The uniform mesh size (ℎ = 1∕45) was deliber-
ately selected to yield a CPU time comparable to that of the 
adaptive computation, whose finest mesh size is ℎ = 1∕64.

 Method  Adaptive mesh  Uniform mesh
 CPU time (s)  51.269874  50.146194
 Grid size (𝑁𝑁𝑡

𝑥 , 𝑁𝑁𝑡
𝑦 , 𝑁𝑁𝑡

𝑧 ) (39, 39, 39) (90, 90, 90)

coarser by a factor of two than that of the actual computational mesh. The uniform mesh results show notable differences despite the 
similar computational cost. The spheres disappear faster than in the adaptive case, which implies a loss of accuracy in capturing mean 
curvature flow when the interface is under-resolved. This experiment confirms that, even with equivalent CPU times, the adaptive 
refinement method provides a higher spatial resolution near the moving interfaces. As a result, it produces more accurate interface 
geometries and improved preservation of the fundamental physical dynamics compared to those obtained with a uniform mesh.

Fig. 8 shows the results for the shrinking spherical interface. As shown in Fig. 8(a), the normalized discrete energy decreases 
during the simulation. No increase in the energy is observed after remeshing. Fig. 8(b) shows that the maximum and minimum values 
of 𝜙𝑛 remain within [−1, 1]. These results numerically confirm the maximum bound preserving property of the proposed method.
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Fig. 7. Temporal evolution of spheres with various initial radii. The first row shows the initial configurations. The second row illustrates the 
corresponding adaptive refinement meshes with the interface at each specific time. The third row shows the numerical solution computed on a 
uniform mesh.

Fig. 8. Temporal evolution of (a) the normalized discrete energy 𝑑 (𝜙𝑛)∕𝑑 (𝜙0) and (b) the maximum and minimum values of 𝜙𝑛 for the shrinking 
spherical interface.
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Table 4 
CPU time comparison with other existing methods.
 Method  Proposed method  Non-uniform (fixed)  Explicit method
Δ𝑡 0.4ℎ2 0.4ℎ2 0.1ℎ2

 CPU time (s) 198.7374 227.0356 600.7676
 Grid size (𝑁𝑁𝑡

𝑥 , 𝑁𝑁𝑡
𝑦 , 𝑁𝑁𝑡

𝑧 ) (101, 126, 88) (133, 169, 97) (180, 200, 160)

3.5.  Comparison with other methods

We compared the proposed algorithm with two representative methods. The first method, referred to as the non-uniform fixed-
mesh method, uses the same non-uniform mesh constructed from the initial phase-field configuration as the proposed method, but 
keeps the mesh fixed throughout the simulation without subsequent remeshing or interpolation. The second method, referred to as 
the explicit adaptive method, uses the same mesh-refinement and remeshing procedures as the proposed method, while the diffusion 
subproblems are discretized explicitly rather than solved with the direction-wise implicit Thomas algorithm. Consequently, a smaller 
time step is required for the explicit method to satisfy its stability restriction. The computational efficiency is assessed in terms of 
CPU time, and the numerical results are summarized in Table 4. For the numerical tests, we consider the domain Ω = (−0.9, 0.9) ×
(−1, 1) × (−0.8, 0.8). The mesh size is chosen as ℎ = 0.01. The interface parameter was set to 𝜖 = 𝜖10. The initial condition is given by 
a smoothed rectangular interface, 

𝜙(𝑥, 𝑦, 𝑧, 0) = tanh

(

min{min{0.5 − |𝑥|, 0.7 − |𝑦|}, 0.3 − |𝑧|}
√

2𝜖

)

.

The computational results in Table 4 show that the proposed algorithm achieved the lowest CPU time while maintaining stability 
with a relatively large time step size. The non-uniform fixed mesh method requires more CPU time, and the explicit method showed 
a significant increase in computational cost because of its stricter stability constraint on the time step size.

Throughout the computation, the refinement algorithm confines the fine grid to a narrow band around each interface; hence, 
the total number of active cells declines as the spheres shrink. This behaviour demonstrates that the adaptive procedure controls 
computational cost while it preserves accuracy. Therefore, the numerical test shows that the proposed scheme works well for multi-
scale geometries and maintains its efficiency even when individual features disappear.

3.6.  Extension to a time-dependent interfacial parameter

The proposed algorithm can be extended to the AC equation with a time-dependent interfacial parameter. The parameter 𝜖 controls 
the thickness of the diffuse interface. As the enclosed volume changes, a fixed value of 𝜖 may not be suitable for the size of the 
interface. The spatial resolution should also change with the interface size. We consider the following AC model with a time-dependent 
interfacial parameter: 

𝜕𝜙
𝜕𝑡

= −
𝐹 ′(𝜙)
𝜖2(𝑡)

+ 𝜙𝑥𝑥 + 𝜙𝑦𝑦 + 𝜙𝑧𝑧.

A time-dependent interfacial parameter has also been considered with adaptive mesh refinement in previous work [28]. In that 
method, 𝜖 is determined from the current mesh size. The mesh size and 𝜖 are reduced stepwise when a prescribed refinement condition 
is satisfied. The present method uses a different criterion. We determine both the fine mesh size and 𝜖 directly from the current enclosed 
volume. No prescribed reduction factor is used. Let 𝑉 0 be the initial volume enclosed by the zero-level isosurface of 𝜙, and let 𝑉 𝑛 be 
the corresponding volume at time 𝑡 = 𝑛Δ𝑡. At each remeshing step, we define the fine mesh size as 

ℎ𝑛 = ℎ0
(

𝑉 𝑛

𝑉 0

)1∕3
,

where ℎ0 is the initial fine mesh size. This definition is based on the three-dimensional volume. The effective number of fine-grid 
cells inside the enclosed region is approximately proportional to 𝑉 𝑛∕(ℎ𝑛)3. Using Eq. (17), we obtain 

𝑉 𝑛

(ℎ𝑛)3
= 𝑉 0

(ℎ0)3
.

Thus, this quantity remains constant even when the volume changes. The enclosed region is therefore represented by approximately 
the same effective number of fine-grid cells. This idea does not depend on a specific interface shape. We update the interfacial 
parameter using the same volume ratio: 

𝜖𝑛 = 𝜖0
(

𝑉 𝑛

𝑉 0

)1∕3
,

where 𝜖0 is the initial value. It follows that 
𝜖𝑛

ℎ𝑛
= 𝜖0

ℎ0
.
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Fig. 9. Time evolution of a complex 3D interface with the volume-based adaptive parameters at 𝑡 = 0, 0.04, 0.08, and 0.096. The red boxes show the 
regions with the finest mesh resolution.

Fig. 10. Time evolution of (a) the finest mesh size ℎ(𝑡) and (b) the interfacial parameter 𝜖(𝑡).

Therefore, the relative resolution across the diffuse interface is also maintained. The values of ℎ𝑛 and 𝜖𝑛 are updated only at the 
remeshing steps. They remain fixed until the next remeshing step. After ℎ𝑛 is updated, a new fine reference mesh is constructed. 
The adaptive mesh is then generated using the same procedure described in Section 2. Trilinear interpolation is used to transfer the 
numerical solution to the new mesh.

The main difference from the previous method is the rule used to update ℎ and 𝜖. The previous method uses a stepwise refinement 
rule and changes the parameters by a prescribed factor. In contrast, the present method calculates both parameters directly from the 
current volume. Thus, their values follow the geometric change of the interface at every remeshing step. This volume-based rule also 
keeps the effective spatial resolution nearly constant. Moreover, it can be applied to general three-dimensional interfaces without 
assuming a particular shape.

To examine the volume-based method for a complex geometry, we consider the three-dimensional initial shape shown in Fig. 9. 
The shape consists of several connected parts and has no simple characteristic radius. Thus, its size cannot be represented by the radius 
of a sphere. This example is suitable for testing the proposed volume-based rule. The numerical domain is Ω = (−1, 1)3. The initial 
finest mesh size is set to ℎ0 = 0.02, and the time step is Δ𝑡 = 0.1(ℎ0)2. The mesh is updated every 20 time steps. Fig. 9 displays the 
evolution of the interface. The initially complex shape becomes smoother as time increases. Its overall size also decreases. At the same 
time, the region with the finest mesh resolution follows the moving interface. This allows a fine spatial resolution to be maintained 
without refining the entire computational domain. As the enclosed volume decreases, a smaller target mesh size is required. The 
actual mesh size is selected by dividing each coarse mesh interval into an integer number of subintervals. Therefore, ℎ(𝑡) changes in 
a stepwise manner rather than continuously. The interfacial parameter is updated using the same change in the mesh size.

Fig. 10 shows the changes in ℎ(𝑡) and 𝜖(𝑡). Both values decrease as the volume becomes smaller. Their changes are stepwise because 
the parameters are updated only at the remeshing steps. In addition, 

𝜖𝑛

ℎ𝑛
= 𝜖0

ℎ0

is maintained throughout the computation. Hence, the relative resolution across the diffuse interface remains unchanged. These 
numerical results display that the proposed scaling can adjust the spatial resolution according to the size of a general 3D interface.

4.  Discussion

As shown in Fig. 11, for complex domains such as topological optimization [29], the numerical methodology requires both mesh 
adaptation and stable time integration. By imposing boundary conditions using a Dirichlet boundary condition method [30], the 
proposed scheme can be extended to complex geometries.
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Fig. 11. Topological optimization results: (a) optimized 2D structure (reproduced with permission from Xie et al. [31]), and (b) optimized 3D 
structure (reproduced with permission from Zhang et al. [32]).

Although the proposed adaptive FDM shows robust numerical stability and accuracy in 3D simulations, a theoretical convergence 
analysis for AMR schemes is still highly challenging. The main difficulty comes from the dynamic nature of mesh redistribution, 
which introduces complex error propagation mechanisms that do not appear in uniform meshes. Prior studies, such as [14,16] for 
adaptive finite element and discontinuous Galerkin methods, provided a priori error estimates under restrictive assumptions, but the 
extension to fully discrete FDMs in 3D is still unresolved. Mackenzie & Mekwi [33] also noted the complexity of convergence theory 
in moving mesh settings, even in one dimension. Thus, while our numerical results give strong evidence of convergence, the proof of 
a complete theoretical method for adaptive FDM in 3D remains an important topic for future work.

5.  Conclusions

In this study, we developed an unconditionally maximum bound preserving and adaptive FDM for solving the 3D AC equation. 
The proposed scheme uses operator splitting and an adaptive mesh to improve efficiency and accuracy. It separates the reaction 
and diffusion terms and preserves the maximum bound without time step restrictions. Numerical results show that the proposed 
method efficiently captures complex interface changes in three dimensions. The proposed method is robust and suitable for large-
scale simulations, and it can be extended to more complex phase-field models in future work.
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