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ABSTRACT

We present a non-recursive implementation of the multigrid method
for the three-dimensional diffusion equation discretized on cell-centred
grids. The multigrid method is a well-established numerical method
with solid mathematical foundations for solving large-scale linear and
nonlinear systems efficiently. Recursive algorithms are relatively easy
to understand because of their natural hierarchical structure. How-
ever, it is difficult to debug an incorrect implementation of a recursive
algorithm at a specific grid level. We present a non-recursive multigrid
algorithm that combines clarity, ease of development and debugging,
and high computational efficiency by taking advantage of recent fea-
tures of programming languages and their standard libraries for han-
dling arrays with complex structures such as cell arrays. The method
preserves the efficiency of standard multigrid solvers and has a struc-
ture that is easy to use. This non-recursive, level-wise organization
works across programming environments. It helps researchers under-
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stand multigrid methods more clearly and supports both learning and 35K05

research.

1. Introduction

In this paper, we introduce a non-recursive formulation for the complex nature and challenges
associated with the implementation of three-dimensional (3D) multigrid algorithms. We also pro-
vide a MATLAB programme in which level-wise data are stored in cell arrays. This approach
provides a clear and simplified description of the multigrid algorithm, and the same level-wise
organization can be adopted in other programming environments. Although multigrid algorithms
are extensively used to solve large-scale linear systems with high efficiency, their application and
implementation frequently involve intricate structures and considerable difficulties. We consider
the diffusion equation with Neumann boundary conditions on Q = (L1, R;) x (L2, R;) x (L3, R3) in
three-dimensional space:

ou
E(x, t) = DAu(x,t), xe€Q, t>0, (1)

n-Vux,t)=0, xe0Q,t>0, )
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u(x,0) = up(x), xe€Q, 3)

where u(x, t) is the concentration at space x and time ¢, ug(x) is the initial condition, D is the dif-
fusion coefficient, and n is the outward unit normal vector on the boundary 0Q. For simplicity,
we set D = 1 throughout this paper. The diffusion equation arises in numerous physical and engi-
neering applications [11], including heat transfer [24], fluid dynamics [1,10,25], conservative phase
transformation [17], biological transport phenomena [7,9,12], motion by mean curvature [23], and
image processing [19]. Efficient numerical methods are essential for solving such partial differential
equations (PDEs), especially in 3D domains where computational complexity increases significantly
[15].

The multigrid method is a widely used numerical method for solving large-scale linear and non-
linear systems, particularly those arising from partial differential equations [2]. For instance, it is
crucial in computational fluid dynamics for solving complex flow problems [13,27], in structural and
mechanical engineering for analyzing stress and deformation [28,35,36], and in computer graph-
ics and vision for tasks like image reconstruction and mesh processing [4,20,33]. This method
operates on multiple grid levels, where corrections are computed at multiple resolutions, from
coarse grids to fine grids [32]. This is achieved by using a combination of smoothing, restriction,
and prolongation operations, which accelerates the convergence of iterative solvers. Unlike classi-
cal methods such as Gauss—Seidel and Jacobi iterations, which suffer from slow convergence for
high-resolution problems [22], the multigrid approach significantly improves efficiency by rapidly
eliminating both high- and low-frequency error components [3,34]. Previous studies have also shown
the feasibility of applying the multigrid method in numerical experiments. Chen et al. [5] proposed
a meta-learning-based multigrid method, the Meta-MgNet, to efficiently solve parameterized par-
tial differential equations and demonstrated its efficiency through numerical experiments. Jiang and
Bai [18] developed two efficient multigrid methods for solving time-fractional conservation laws.
Their approaches were designed to accelerate the convergence of nonlinear spatial discrete systems
arising from implicit finite-volume TVD schemes using global and local Lax—Friedrichs fluxes.
Numerical experiments demonstrated that both methods exhibit good convergence for relatively
large fractional orders, while the second multigrid method maintains stable convergence even as the
fractional order approaches zero. Trofimov [31] investigated inverse problems for a layered elastic
structure on an elastic foundation and developed a gradient computation method using the Adjoint
State Method, in which the multigrid method plays a central role in efficiently solving the for-
ward and adjoint problems. Diinnebacke et al. [8] devised a time-simultaneous multigrid method for
efficiently solving large-scale partial differential equations and validated its effectiveness through
numerical experiments. Ciaramella et al. [6] developed a collective multigrid algorithm. They tested
the method on various problems and showed that it effectively solves large saddle-point systems aris-
ing in PDE-constrained optimization under uncertainty. Sondak et al. [29] developed a variational
multiscale-based large eddy simulation method for Rayleigh-Bénard convection at high Rayleigh
numbers, in which a fully-coupled algebraic multigrid method was employed to efficiently solve the
large sparse linear systems arising from the finite element discretization. Huang et al. [16] optimized
multigrid smoothers by training convolutional neural networks on small partial differential equation
problems and applied these smoothers to solve larger problems more efficiently. Liu et al. [26] for-
mulated a nonlinear multigrid method for parameter identification in constrained partial differential
equations with and confirmed its effectiveness. The method reduced computational costs, suppressed
noise, and improved inversion accuracy in simulations of porosity identification in fluid-saturated
porous media. However, traditional implementations of the multigrid method frequently rely on
recursive structures. Although these structures are mathematically elegant, they introduce compu-
tational challenges such as increased memory overhead, make it difficult to track errors at specific
levels, and reduce accessibility for users who are unfamiliar with recursive algorithms [14,30].

To resolve these challenges, we propose a non-recursive implementation of the multigrid
method for solving the 3D diffusion equation. Although recursive algorithms are relatively easy to
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understand because of their natural hierarchical structure, debugging an incorrect recursive imple-
mentation at a specific grid level is difficult. Recent features of programming languages and their
standard libraries for handling arrays with complex structures such as cell arrays make it possible
to construct a non-recursive multigrid algorithm with clarity, ease of development and debug-
ging, and high computational efficiency. The proposed approach removes recursion and manages
level-dependent data systematically through explicit level structures across multigrid levels. As an
illustration, we provide a MATLAB example in which cell arrays store the level-wise variables,
but the non-recursive level management is independent of the programming language. This level-
wise non-recursive structure makes the algorithm easier to follow and debug, while preserving the
efficiency of standard multigrid solvers.

This article is organized as follows: Section 2 describes the non-recursive formulation, presents
a reference implementation, and discusses the benefits compared with standard recursive multigrid
implementations. Section 3 presents numerical experiments that demonstrate the convergence of
the algorithm and illustrate the dynamic behaviour of the 3D diffusion equation. Finally, Section 4
concludes the findings and discusses potential extensions of this work.

2. Numerical solution algorithm

In this section, we describe a simple non-recursive implementation of the multigrid algorithm and
present a MATLAB example. The same level-wise data management can be implemented in other
programming environments as well. Before the algorithm is described in detail, we first introduce
the concept and usage of the cell structure in MATLAB, which serves as a convenient data container
in the proposed implementation. In MATLAB, a cell array is a flexible data type that allows the
storage of elements with different types and sizes. Unlike regular arrays, which require uniform data
types and consistent dimensions, cell arrays can contain scalars, vectors, matrices, or even other cell
arrays. This property is especially advantageous in the multigrid method, where the solution arrays
at each grid level typically have different sizes. The following provides a simple example of the cell
structure in MATLAB.

>> u{l}=4*ones(4,4,4); u{2}=2+o0nes(2,2,2);
>> u
u = 1x2 cell array

{4x4x4 double} {2x2x2 double}
>> u{2}
ans(:,:,1) =

2 2

2 2
ans(:,:,2) =

2 2

2 2
>> u{l}(2,3,4) = 1;
>> u{l}
ans(:,:,1) =

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4
ans(:,:,2) =

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4
ans(:,:,3) =

4 4 4 4

4 4 4 4

4 4 4 4

4 4 4 4
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As shown in the example, using a cell array allows data at each level to be systematically stored
and accessed within a single variable, providing an efficient and organized structure for implement-
ing the multigrid method in MATLAB. Let N, = 24, Ny = 26 and N, = 2¢, where a, b, and c are
positive integers, and let h = (R; — L1)/Nx = (R, — L)/N, = (R3 — L3)/N, be the uniform spatial
step size. We define the global discrete domain as

QY ={(xi =L+ (i—0.5h, yj =Ly + (j— 0.5)h, zt = L3 + (k — 0.5)h) |
i=12,...,Ny, j=12,...,N), k=1,2,...,N;},

and define M = min(a, b, ¢). The approximate solution for u(x;, yj, z, nAt) is denoted by u;]’.k, where

At is the size of temporal step size. To solve Equation (1) on Q¢, we apply the fully implicit method
for the time discretization and use the 7-stencil finite difference method to discretize the Laplace
operator.

n+1 n
Yik "Mk 10 +1 +1 +1 +1 +1 +1

AL —ﬁ(?ﬂjk"'“? 1]k+”7]+1k+”7] 1k+”Zk+1+”Zk1_6Zk)‘ )
The fully implicit discretization (4) is unconditionally stable for any ratio a = At/h* [21].
Therefore, stability does not restrict the choices of At > 0 and &> 0. The Neumann boundary
conditions (2) are applied as follows:

”o]k “1]k> “N+1]k ”N;k for]:1,2,...,Ny,k:1,2,...,NZ
n _ _ . _
Uor = ui,l,k’ ”z‘,Ny+1,k = ui,Ny,k fori=1,2,...,Ne, k=1,2,...,N,

n _ .n n _.n L s
Uijo = Uy 1> WigN,41 = Uiy, fori=1,2,...,Ny, j=1,2,...,N,.

To apply the multigrid algorithm, we define the hierarchy of discrete domains Q,,, for the multigrid
levels m = 1,2,..., M as follows:

Qn = [ (xi =L+ (i — O.S)hm, Y = L, + (] - 0.5)]’1m, zr = L3 + (k — 0-5)hm)

Ny . N, N,
.. k = 1,2,..., z;;——

= hy =2"""h

> 2111—1 >

That is, the finest grid in the multigrid hierarchy, Qi corresponds to the global discrete domain
Q. Figure 1(a,b) show schematic diagrams of Q; and Q,, respectively, for N, = N, =N, = 22,
corresponding to M = 2.

We define it”m ik as the numerical solution of #(x;, yj, zx, nAt) on Q. In particular, on the finest
grid, we set i1} ik = Uiy The following MATLAB code demonstrates how to create and store data

using a cell structure:

ijk*

xL = 0; xR = 1; Nx = 8; h = (xR-xL)/Nx; yL = 0; yR = 1;
Ny = (yR-yL)/h; zL = 0; zR = 1; Nz = (zR-zL)/h;
x=linspace (xL+0.5%h, xR-0.5+h,Nx) ; y=linspace (yL+0.5xh, yR-0.5xh,Ny) ;

z = linspace (zL+0.5%h, zR-0.5%h,Nz) ;
total_levels = min([log2 (Nx) log2 (Ny) log2(Nz)]);
for m = l:total_levels
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() O, = Q4 (b) O,

Figure 1. Schematic diagram of the discrete domain &, for the multigrid levels m = 1, 2. (a) Q; = Q¢ (b) Q,.

tilde_u(m) = {zeros(Nx/2"(m-1),Ny/2" (m-1),Nz/2"(m-1))};

H(m) = 27 (m-1)*h;

NX (m) = Nx/2”(m-1); NY(m) = Ny/2”(m-1); NZ(m) = Nz/2"(m-1);
end

This code creates a cell array ‘tilde_u’, where each entry is initialized as a zero-valued array of
size N/2m~ 1 x N},/Z”’_1 x N,/2™~1, to represent the discrete concentration ﬁ;’-k on the discrete
domain at each multigrid level m = 1, 2, 3. In addition, the spatial step size h,, = 2m=1p and the
total number of grid points N, /2!, N,/ 2™=1 and N, /2™~! at each multigrid level are stored in the
variables ‘H’, ‘NX’, ‘NY’, and ‘NZ’, respectively. Then, for m = 1, ..., M, the Neumann boundary
conditions are applied on the discrete domain Q,,, as

N N,
~n ~n ~n ~ . z
ut o= u’ . u N =" forj=1,..., k=1,.
m,0,jk mLjk> m, %1 +1,jk = Ny ik J i om—1’ > ym—1’
N.
~n ~n ~n ~n . x z
U .0p =1U, ; u =1u N fori=1,...,—, k=1 5
m,i,0,k m,i,1,k> ml’zm Y +1k miy > > om—1’ > > om—1’ &)
N. N,
~n ~n ~n ~n . X . Yy
L= .. = fori=1,... =1,...
Um0 = M My Ne gy T W Ne o AOTEE bt T T B

The linear operator £,, on Q,, is defined by

1 6 1
~n+ly ~n+1 ~n+1 +1
Lm(um,ijk) - (At + h2 )um,ijk - h2 ( Yinit1,k + umI 1,jk
m m

~n+1 A
+u m1]+1k+umz] 1k+um1],k+l+ mz],k—) on £y,

and the source term f ;; on Q, is defined as

~n
11]k ~
f1 k= A on Q.
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Let u u be the set of " % on Qm, where #” .. represents an arbitrary discrete function defined on

m,ij m,ijk
Q... We describe the multigrid V-cycle function, defined as MGV, as follows:

L= MGV(M,u", 51, 52, tol), (6)

where M is the maximum multigrid level and u” = @} on Q=0 1- The parameters s; and s; are the
number of pre-smoothing and post-smoothing iterations, respectively, and fol is the given tolerance.
We define the V-cycle as

ﬁ’f“’”“ = V-cycle (M, ﬁ’f“’v, Lm,me,sl,sz) , @)

where v is the number of V-cycle function iterations, u”+1 0 =1, and a), is the numerical

solution on Q,, after applying the V-cycle function v+ 1 iterations. We introduce the following
smoothing function:

~n+1,v+1

At = SMOOTHS (@, Lo, £1n)s (8)

where s is the number of the smoothing iterations, such as s; and s,. The smoothed numerical
~n+1,v

solution @, " is obtained by repeating the following Gauss—Seidel method s times.
N.
Fori=1,2,..., ——,
om—1
. Ny
FOI'] = 1,2,. . .’W,
N,
Fork=1,2,...,——,
pm—1

m,ijk m,i—1,jk mz—i—l]k mz] Lk mz]—i—lk
~n+1v,g+1 ~n+1,v,¢ 1 6
+um,ij,k—l + um,ij’k+1) / (A_t + 7))

where g is the Gauss—Seidel iteration step and the initial values are given by u,,
update follows forward lexicographic ordering. The updates start fromi = 1,j = 1,k = 1. For fixed
i and j, the index k increases from 1 to N,/2™~!. After the updates for k are completed, the index j
increases by one and the same updates for k are repeated. After the updates forj=1,...,N,/ 2m=1
are completed, the index i increases by one and the same procedure is repeated. Thus, the final

smoothed solution is obtained as & = @™"*. The V-cycle (7) consists of the following two
steps.

~n+lLvg+l (} k+ ~n+1 vg+1 +@ ~n+1,v.g +i ~n+1,v,g+1 +i ~n+1,v,¢
m,jj

~n+1,v,0 un+1 WV The

e Pre-smoothing and computation of the correction values

We perform pre-smoothing for m = 1 as follows using the smoothing function (8).
ot = SMOOTH® (87", L1, ).

Then, for m = 1,2,...,M — 1, we compute the defect dm+1 and correction values Wy,4+1 on Qm+1
through the followmg procedures First, for m = 1, the defect d; on Q; is computed as follows using
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the source term 7('1 and the numerical solution u’f“"’ of Equation (9).
&1 = ]?'1 - L (ﬁY_H’V).

Then, we define the restriction operator R,,+1, which transfers values from the fine grid Q,, to the
coarse grid Q,,+1, as follows:

dini1 = R (am)

where the coarse grid values &m+1 are given by glm-i—l,ijk fori=1,...,Ny/2",j=1,...,N,/2™, and
k=1,...,N,/2™ are computed as

1/~ . . .
Am+1,ijk = 3 (dm,zi,zj,zk + dmi-122k + Am2i2j—12k + dm2i2j2k—1
+dm2i-12j-12k + dm2i-12j2k—1 + dm2i2j-12k—1 + dm,2i—1,2j—1,2k—1) :
We define the correction equation on the coarse grid as
~ntl, 5
Lmt1 (“:1+1v) = Rut1 (dm) .

To obtain the correction values, we use the smoothing function (8), which uses the Gauss—Seidel
method.

Wy = SMOOTH" ({vz,ﬁz,Rz (&1)) ,

where the initial values are given by w, = 0 on f)z. Next, for m =2,...,M — 1, the defect is
computed by

dyp = Ry, (&m_l) — L)

The correction values W, on Qm+1 are obtained by
Wm+1 = SMOOTH*" (Wm—i-lx £m+1>Rm+1 (am)) >

where the initial values are W,,.1 = 0 on Q1. Consequently, we obtain the correction values W1
on Q41 form =1,...,M — 1. The correction value on the coarsest grid level Qy; is computed in
the same manner as the smoothing step on the other levels. We set the initial value to wj; = 0 and
obtain the correction value wy by applying s; iterations of the Gauss—Seidel method. The following
MATLAB code presents the pre-smoothing process and the computation of the correction values,
together with a comment on the computation of the correction value on the coarsest grid level.

f = tilde_u; £(1) = {tilde_u{l}/dt};
for m = l:total_levels-1
ifm>1
tilde_u{m} = zeros (NX(m),NY(m),NZ(m));
end
tilde_u{m} = SMOOTH(tilde_u{m}, f{m},sl,m);

d = defect (tilde_u{m}, £{m},m);
for i = 1:NX(m+1)
for j = 1:NY(m+l)
for k = 1:NZ (m+1)

F{m+1} (i, 3, k) = 0.125%(d(2%1i,2%73,2+k)+d (2%i-1,2%75,2xk)
+d (2%1,2%3-1,2%k) +d (2%1,2%3, 2+k-1)
+d(2%xi-1,2%3-1,2xk) +d (2%i-1,2%73,2xk-1)
+d(2%1,2%3-1,2+k=-1)+d(2%1i-1,2%3-1,2+k-1));

end
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end
end
end
On the coarsest grid level, the correction is initialized to zero and
approximated using SMOOTH with Gauss--Seidel iterations.
m=total_levels; tilde_u{m}=zeros (NX(m),NY (m),NZ(m));
tilde_u{m}=SMOOTH (tilde_u{m}, £{m},sl,m);
function hat_u = SMOOTH (tilde_u, f, relax,m)
global NX NY Nz dt H

do oo

for iter = l:relax
for i = 1:NX(m)
for j = 1:NY(m)

for k = 1:NZ(m)
sor = f£(i,J,k); coef = 1/dt;
if i>1

sor=sor+tilde_u(i-1,j,k)/H(m)"2; coef=coef+1/H(m)"2;

end
if i<NX (m)
sor=sor+tilde_u(i+1l, j,k)/H(m)"2; coef=coef+1/H(m)"2;
end
if §>1
sor=sor+tilde_u (i, j-1,k)/H(m)"2; coef=coef+1/H(m)"2;
end
if §<NY (m)
sor=sor+tilde_u (i, j+1,k)/H(m)"2; coef=coef+1/H(m)"2;
end
if k>1
sor=sor+tilde_u(i, j, k-1)/H(m)"2; coef=coef+1/H(m)"2;
end
if k<NZ (m)
sor=sor+tilde_u (i, j, k+1)/H(m)"2; coef=coef+1/H(m)"2;
end
tilde_u (i, j, k) = sor/coef;
end
end
end
end
hat_u=tilde_u;
end

function d = defect (tilde_u, f,m)
global NX NY Nz dt H

for i = 1:NX(m)

for j = 1:NY(m)

for k = 1:NZ(m)

Lap=0;
if i>1

Lap=Lap+ (tilde_u(i-1,j,k)-tilde_u(i, j, k))/H(m)"2;
end
if i<NX (m)

Lap=Lap+ (tilde_u(i+1, j,k)-tilde_u (i, j,k))/H(m)"2;
end
if §>1

Lap=Lap+ (tilde_u (i, j-1,k)-tilde_u (i, j, k))/H(m) " 2;
end
if J<NY (m)

Lap=Lap+ (tilde_u (i, j+1,k)-tilde_u (i, j, k))/H(m) 2;
end
if k>1

Lap=Lap+ (tilde_u (i, j,k-1)-tilde_u (i, j, k))/H(m) 2;
end
if k<NZ (m)

Lap=Lap+ (tilde_u (i, j, k+1)-tilde_u (i, j,k))/H(m)"*2;
end
d(i,j, k) = £(i,3,k)-(tilde_u(i, j, k) /dt-Lap);

end
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end
end
end

The source term ‘f” is created as a cell array using the previously defined ‘tilde_u’, and the multi-
grid computations are performed for each level. In addition, the functions ‘SMOOTH’ and ‘defect’
are defined and used to perform computations on each multigrid level. In the function ‘defect’, the
term ‘tilde_u(i,j,k)/dt - Lap’ represents the evaluation of the linear operator £(i). The homoge-
neous Neumann boundary condition is incorporated in the code through the conditional statements
such as ‘if i;1” and ‘if ijNX(m)’. At boundary indices, the terms that would require values outside
the domain are not added. This treatment follows the discrete boundary condition (5), which implies
that the outside-neighbour contributions cancel at 0. The same convention is applied in the y- and
z-directions.

e Correction of the numerical solution and post-smoothing

We define the interpolation operator I,,, form =1,...,M — 1 as
V~Vm = Im (‘Avm+1) >
where the fine grid values wy,, on Qm are computed as
Fori=1,...,Ny/2", j=1,...,N,/2", k=1,...,N,/2",
Wm2i—12j—12k—1 = Wit Lijks  Wm2i2ji—12k—1 = Wi Lijks  Wm2i—12j2k—1 = WinyLijks
Wm2i—12j—12k = WmntLiks  Wm2i2ji2k—1 = Wit Lik>  Wm2i2j—12k = Wit Lijks
Wm2i-12j2k = Wit Lijks  Wm2i2j2k = Wit Lijk-

Then, for m =M — 1,M — 2,...,2, we calculate the correction of the numerical solution w,, as
follows. The correction is computed by incorporating the interpolated values from the coarser grid.

Wi =W + I (‘R’m—i—l)
We apply post-smoothing to refine the corrected solution.
Wy, = SMOOTH (W, L)

Finally, we compute the numerical solution @} "

of the V-cycle (7) as follows.
@t = smoorH® (wi, L1.F1),

where w; = w1 + I; (W;). The following MATLAB code applies correction and post-smoothing to
the numerical solution.

for m=total levels-1:-1:1
for i = 1:NX(m+1)
for j = 1:NY(m+l)
for k = 1:NZ (m+1)
tilde_u{m} (2+i-1:2%1,2xj-1:2x7,2+xk-1:2%k)

= tilde_u{m} (2*1i-1:2x1,2+xj-1:2%7,2+k-1:2xk)
+tilde_u{m+1} (i, 3,k);
end
end
end
tilde_u{m}=SMOOTH (tilde_u{m}, £{m},s2,m);
end
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(a) Restriction (b) Interpolation

Figure 2. Schematic diagram of the restriction and interpolation operations in the V-cycle (7). (a) Restriction (b)
Interpolation.

Figure 2(a,b) present schematic diagrams of the restriction and interpolation operations, respec-
tively.

Thus, one iteration of the V-cycle (7) has been described. We perform the V-cycle until the
resultant error ||u”Jrl V1 ~§'+1’V||oo < tol is satisfied in order to obtain the numerical solution of
the MGV. Therefore, the numerical solution of the MGV is given as u'tl = ﬁ;’+1’v+1
represents the total number of iterations performed until convergence.

, where V

3. Numerical experiments
3.1. Convergence experiment

We perform a convergence test to verify whether the proposed non-recursive multigrid algorithm
accurately solves the 3D diffusion equation. All computations are performed using a MATLAB cell
array implementation. We consider the following initial condition on Q = (0,1) x (0,1) x (0,1).

u(x, y,z,0) = cos(rx) cos(zy) cos(rz), xe Q.
Thus, the analytical solution of the diffusion Equation (1) is given by
—3m%t

u(x,y,z,t) =e cos(mwx) cos(my)cos(mz), xe€Q,t>0.

The numerical error is defined as ef;],i = u(xi, yj, zx, Nt At) — ufj,ﬁ, and we define the numerical L,-
error as

N, )’Nx

NyN,N. Zzz(zﬂc)

Jex
? k=1 j=1 i=1

ENGNN: ||,

The convergence rates for the temporal and spatial step sizes are defined by

leN: . 12 ||e%; IYRAL,
Ry = log2 ”2N[— and R; = 10g2 — |

ENLN,N; ll2 l "-21\7,6,21\ry,21\rZ ll2
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Table 1. Errors and convergence rates of the fully implicit scheme with respect to the time step At.

At 2.00e—04 1.00e—-04 5.00e—-05 2.50e—05 1.25e—-05
L-error  5.8263e—05 2.9219e—-05 1.4654e—05 7.3616e—06 3.7127e—-06
Re 1.00 1.00 0.99 0.99

Table 2. Errors and convergence rates of the fully implicit scheme with respect to the grid size h.

Ny =N, =N, 16 32 64 128 256 512
L-error 3.3589e—09 8.4055e—10 2.1020e—10 5.2567e—11 1.3155e—11 3.3019e—12
R 2.00 2.00 2.00 2.00 1.99

respectively. First, we conduct a convergence test with respect to the time step size At. The param-
eters used are Ny = Ny = N, = 512,51 = 5, = 2, tol = 1.0e—12, and the final time T = 0.002. The
test is performed for different values of Ny = 10, 20, 40, 80, and 160, corresponding to different time
step sizes At = 2.00e—4, 1.00e — 4, 5.00e—5, 2.50e—5, and 1.25e—5, respectively. Table 1 lists the
errors and convergence rates with respect to the time step size At for the numerical solution obtained
by the multigrid algorithm based on the MATLAB cell structure.

Next, we conduct a convergence test with respect to the spatial step size h. The parameters
used are At = 1.00e—9, s; = s, = 2, tol = 1.0e—12, and the final time T = 1.00e—7. The test is
performed for different values of Ny = N, = N, = 16, 32,64, 128,256, and 512, corresponding to
different spatial step sizes h = 1/16,1/32,1/64,1/128,1/256, and 1/512, respectively. Table 2 lists
the errors and convergence rates with respect to the spatial step size & for the computational solu-
tion obtained by the multigrid algorithm based on the MATLAB cell structure. We observe from
Tables 1 and 2 that the numerical solution of the diffusion equation in 3D, obtained using the multi-
grid algorithm based on the MATLAB cell structure, converges with first-order accuracy in time and
second-order accuracy in space.

3.2. Dynamic behaviour of the diffusion equation

In this section, we conduct numerical tests to observe the time-dependent dynamics of the diffusion
equation, which is solved using a multigrid algorithm based on the MATLAB cell structure. To
visualize the three-dimensional numerical solution, we partition the value range [—1,1] into 11
equal subintervals. Let rp=—1+2p/l11 forp=0,1,...,11.Forp =1,2,...,10, we define

1, ifrp—) < uf]\]]i < 1p,
Yp,ijk = .
Pl —1, otherwise.

Forp = 11, we set

I, ifrp< M;\]Iﬁ <
Y1L,ijk = .
/ —1, otherwise.

The region corresponding to the p-th subinterval of ufjli is visualized through the zero-level isosur-
face of yp k. This visualization may yield jagged isosurfaces, and the degree of roughness depends
on the spatial grid resolution. Many smoothing techniques can be used to reduce such jaggedness.
In this study, we apply the MATLAB built-in function ‘smooth3’ for this purpose. As the spatial
step size decreases, the computed isosurfaces become smoother even without smoothing. The initial
condition on Q = (0,1) x (0,1) x (0,1) is given as

u(x, y,2,0) = cos(wx) cos(wy) cos(rz), x¢€ Q. 9)

The parameters used are Ny = N, = N, = 128, 51 = s, = 2, and tol = 1.0e—9. Figure 3 displays
the temporal evolution of the computational solution of the diffusion equation computed using the
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Figure 3. Snapshots of the numerical solution of the 3D diffusion equation with initial condition (9) obtained using a
multigrid algorithm based on the MATLAB cell structure at t = 0, 200At, 600At, and 1000At. (a) Initial (b) t = 200At
(c) t = 600At (d) t = 1000At.

multigrid algorithm based on the MATLAB cell structure for the initial condition (9). Figure 3(a)
illustrates the initial concentration distribution, which exhibits a periodic spatial pattern with values
ranging from —1 to 1. Att = 200At, as shown in Figure 3(b), the diffusion process reduces the steep
gradients observed in the initial condition and produces a smoother concentration profile. Figure 3(c)
corresponds to t = 600A ¢, where the concentration field becomes more uniform, and the differences
between high and low concentration regions diminish further. Finally, at + = 1000A¢, depicted in
Figure 3(d), the concentration distribution approaches a nearly homogeneous state, which implies
that the diffusion process has nearly reached equilibrium.

Next, we consider an initial condition with a more abrupt concentration variation. The initial
condition on Q = (0,1) x (0,1) x (0,1) is given as follows.

1, if /x> +y*+22 < 0.8, (10)

u(%,2,0) = [—1, otherwise.

Figure 4 shows the snapshots of the computational solution of the diffusion equation at ¢ = 0, 400At,
1000A¢, and 2000A¢. The initial concentration, shown in Figure 4(a), consists only of the values
—1 and 1, which results in a steep concentration variation in space. Figure 4(b—d) show the diffu-
sion process, where the concentration distribution gradually becomes smoother over time. As time
progresses, the concentration field approaches a more uniform state.



INTERNATIONAL JOURNAL OF COMPUTER MATHEMATICS 13

0.5 z 0.5
0.5
0 0
-0.5 0B -0.5
1 q
1 R 1
-1 0 -1
(b) t = 400A¢
. -
0.5 z 0.5
0.5
0 0
205 0 -0.5
1
1 1
- 0.5
-1 0 o -1
(¢) t = 1000A¢ (d) t = 2000A¢

Figure 4. Snapshots of the numerical solution of the 3D diffusion equation with initial condition (10) obtained
using a multigrid algorithm based on the MATLAB cell structure at t = 0, 400At, 1000At, and 2000At. (a) Initial (b)
t = 400At (C) t = 1000At (d) t = 2000At.

4. Conclusion

In this study, we presented a non-recursive implementation of the multigrid method for solving
the 3D diffusion equation with level-wise data management based on cell structure. We included a
MATLAB example based on cell arrays. The proposed implementation removes recursion, which
is a standard algorithmic form in multigrid methods. Such recursive structures can make it difficult
to debug an incorrect implementation at a specific grid level. The proposed level-separated struc-
ture reduces this difficulty and makes the procedure easier to follow and apply to various problems.
Furthermore, the cell-based organization provides a structured and intuitive method. The compu-
tational efficiency of the multigrid algorithm is also preserved. Numerical experiments confirmed
that the implementation achieves first-order accuracy in time and second-order accuracy in space.
The diffusion process under different initial conditions was also analysed, and this analysis verified
the reliability of the algorithm. The results demonstrate that the cell-based multigrid approach is
an accessible and efficient method for solving the 3D diffusion equation. This implementation pro-
vides a practical alternative for researchers who want to apply the multigrid method without using
recursion. In future work, this approach will be extended to nonlinear equations.
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