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Abstract. We propose a time-fractional (TF) diffusion model that incorporates normal-
ization and a short memory effect, which allows fast and efficient computations. The
normalized TF diffusion equation enables fair comparison of the influence of the frac-
tional order on evolution dynamics by using a weighting function whose total integral
is uniformly equal to one across all times and fractional orders. However, simulat-
ing long-term evolution using the TF equations typically requires substantial compu-
tational memory and processing time. To resolve these issues, the proposed model
applies a short memory scheme that limits the integral to a fixed time interval, which
improves computational efficiency. We redefine the normalized weighting function so
that its total integral over the fixed time interval is always equal to one. To highlight
the improved efficiency of the short memory normalized TF diffusion equation, we
perform a series of numerical experiments. We investigate dynamics with a given ini-
tial condition under different fractional orders and truncated time intervals. We apply
the equation to more complex initial conditions to examine the evolution over time
under varying fractional orders and memory intervals. Furthermore, to comprehen-
sively evaluate the performance and applicability of the proposed method in higher-
dimensional settings, we conduct three-dimensional (3D) numerical experiments.
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1 Introduction

The time-fractional (TF) diffusion equation has received attention due to its capability
to capture non-local temporal behavior and memory effects, which are relevant in a
wide range of scientific and engineering fields involving anomalous diffusion in com-
plex media [1, 2]. In disciplines such as viscoelasticity [3, 4], anomalous diffusion [5–12],
and phase transition phenomena [13], the TF equation offers a more realistic descrip-
tion of dynamics by incorporating non-local effects in time. By introducing fractional
time derivatives, this equation generalizes the classical diffusion equation, which al-
lows for more accurate modeling of systems with memory effects. Several studies on
the TF diffusion equation based on the Caputo differentiation [14–16] have been con-
ducted. Tan [17] proposed a new and efficient two-grid finite element method (FEM)
combined with a nonuniform L1 scheme to solve semilinear TF diffusion equations that
have variable coefficients and initial singularities. The proposed method significantly
reduced computational cost and achieved high accuracy by avoiding repeated convolu-
tions in Caputo derivative approximation and by introducing a fast algorithm for coef-
ficient computation, with numerical results confirming its stability and efficiency. An
and Zhang [18] proposed a finite difference method (FDM) for the TF diffusion-wave
model in the Caputo–Fabrizio sense. Jiang et al. [19] developed a linear FDM for the
2D nonlinear TF diffusion equation, using the L1 formula and backward approximation,
and proved its stability and pointwise-in-time convergence. Nguyen and Yang [20] stud-
ied a time-space fractional diffusion equation, and established both local-in-time well-
posedness in Lp(RN)∩L∞(RN) and global existence for small Orlicz-data. However, Lee
et al. [21] highlighted that the sum of the weights in the classical TF differentiation is not
constant, which prevents a fair comparison across different fractional orders, 0< α< 1.
They introduced a normalized TF diffusion equation in which the sum of the weights
is constant and equals 1. Comprehensive studies have further established the link be-
tween these macroscopic fractional equations and microscopic stochastic processes, such
as continuous time random walks (CTRW) and Langevin equations, which are essential
for describing anomalous behaviors in biological and physical systems [22].

The TF diffusion equation requires significant computational memory and processing
time to simulate long-term evolution. In traditional formulations, computing a fractional
derivative at a given time requires integrating the entire past history of the solution.
As simulation time increases, the memory requirements grow significantly, which ren-
ders long-term simulations computationally prohibitive. There has been a lot of research
based on the short memory principle to address these issues and accelerate computa-
tion. Deng [23] proposed the short memory principle to address the numerical com-
putation of fractional differential equations. By considering only recent history of the
solution, the short memory principle significantly reduces storage and computational
requirements. Wu et al. [24] presented a novel short memory fractional differential equa-
tion to reduce computational complexity in long-memory systems, and successfully ap-
plied it to the modeling and stability analysis of memristors and neural networks with
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variable-order dynamics. Hai et al. [25] proposed an efficient fractional derivative with a
short-term memory effect and established rigorous stability conditions by enabling accu-
rate and computationally tractable modeling of dynamical systems with short memory
effects. Wei et al. [26] systematically explored the short memory principle based on the
Grünwald–Letnikov definition and extended it to the Riemann–Liouville and Caputo
definitions. The authors also proposed variants with fixed memory length and fixed
memory step size and analyzed the mathematical properties of these principles.

We consider a two-dimensional (2D) diffusion equation, which truncates the integral
using a fixed time interval:

∂αu(x,y,t)
∂tα

=
∂2u(x,y,t)

∂x2 +
∂2u(x,y,t)

∂y2 , (x,y)∈Ω, t>0, (1.1)

u(x,y,0)=u0(x,y), (x,y)∈Ω, (1.2)
u(x,y,t)=0, (x,y)∈∂Ω, t≥0, (1.3)

where u(x,y,t) is the concentration field of the diffusing quantity and

∂αu(x,y,t)
∂tα

=
1

Γ(1−α)

∫︂ t

max(0,t−M)

∂u(x,y,s)
∂s

ds
(t−s)α

, 0<α<1, (1.4)

where Γ(z)=
∫︁ ∞

0 τz−1e−τdτ is the gamma function and M denotes a memory length [25].
Let a weighting function wt

α(s) be defined as follows:

wt
α(s) :=

1
Γ(1−α)(t−s)α

. (1.5)

Then, Eq. (1.4) can be rewritten as

∂αu(x,y,t)
∂tα

=
∫︂ t

max(0,t−M)
wt

α(s)
∂u(x,y,s)

∂s
ds, 0<α<1. (1.6)

We have Wα(t)=
∫︁ t

max(0,t−M)wt
α(s)ds, for all fractional orders of 0<α<1. In other words,

Wα(t)=
∫︂ t

max(0,t−M)
wt

α(s)ds=
[t−max(0,t−M)]1−α

Γ(2−α)
. (1.7)

In this work, we introduce a normalized diffusion equation with short memory in 2D
space, in which the integral is truncated over a fixed time interval:

∂βu(x,y,t)
∂tβ

=
∂2u(x,y,t)

∂x2 +
∂2u(x,y,t)

∂y2 , (x,y)∈Ω, t>0, (1.8)

u(x,y,0)=u0(x,y), (x,y)∈Ω, (1.9)
u(x,y,t)=0, (x,y)∈∂Ω, t≥0, (1.10)
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(a) (b)

Figure 1: (a) w2
β(s) for different β with t=2 and M=1. (b) wt

0.7(s) for different t with β=0.7 and M=1. The
values of t used are 0.5, 1.5, and 3.

where

∂βu(x,y,t)
∂tβ

=
1−β

[t−max(0,t−M)]1−β

∫︂ t

max(0,t−M)

∂u(x,y,s)
∂s

ds
(t−s)β

, 0<β<1, (1.11)

where [t−max(0,t−M)]1−β serves as the normalizing factor, which ensures that the right-
hand side of Eq. (1.11) ∂u(x,y,s)/∂s when ∂u(x,y,s)/∂s is constant with respect to vari-
able s [21, 27]. That is,

1−β

[t−max(0,t−M)]1−β

∫︂ t

max(0,t−M)

ds
(t−s)β

=1, 0<β<1. (1.12)

Let a weighting function wt
β(s) be defined as follows:

wt
β(s) :=

1−β

[t−max(0,t−M)]1−β(t−s)β
. (1.13)

From Eq. (1.12), it can be inferred that Wβ(t)=
∫︁ t

max(0,t−M)wt
β(s)ds=1. The weight func-

tions wt
β(s) for β=0.1, 0.5, and 0.9 at t=2, for M=1, are shown in Fig. 1(a). It can be noted

that wt
β(s) stay constant when β is near zero, while they exhibit a rapid change around

time t as β approaches one. From Eq. (1.11), it is clear that the short memory normalized
fractional derivative represents a form of weighted average of the traditional derivative
over its historical values. This implies that the temporal derivative at the current time is
influenced by the temporal derivatives from previous times.

Next, we show the normalized time-fractional diffusion equation with short memory
presented in this work preserves the total mass under homogeneous Neumann boundary
conditions, i.e., n·∇u(x,y,t)=0, for (x,y)∈∂Ω. Here, n is the normal vector to the bound-
ary. We define the total quantity associated with the field u(x,y,t) as the spatial integral
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of u over the entire domain Ω. This quantity, denoted by TM(t), acts as an indicator of
whether the governing diffusion equation preserves the global amount of the modeled
physical variable. Accordingly, we set

TM(t) :=
∫︂

Ω
u(x,y,t)dxdy. (1.14)

Applying the normalized short memory time-fractional derivative to TM(t) gives

∂βTM(t)
∂tβ

=
∂β

∫︁
Ω u(x,y,t)dxdy

∂tβ
=

∫︂
Ω

∂βu(x,y,t)
∂tβ

dxdy

=
∫︂

Ω
∆u(x,y,t)dxdy=

∫︂
∂Ω

n·∇u(x,y,t)dS=0, (1.15)

where the interchange of integration and differentiation and the use of the divergence
theorem under the homogeneous Neumann boundary condition yield the above identity.
Under homogeneous Neumann boundary conditions, we want to show that

TM(t)=TM(0) for all t>0.

The proof proceeds by mathematical induction on the intervals [kM,(k+1)M] for k =
0,1,2,.. .. The proof is carried out in the following three steps.

Step 1. Base case: t∈ [0,M]

For 0 < t ≤ M, the memory interval is [0,t] and the short-memory normalized time-
fractional derivative reduces to

∂βTM(t)
∂tβ

=
1−β

t1−β

∫︂ t

0
TM′(s)(t−s)−βds.

From Eq. (1.15), we have

∂βTM(t)
∂tβ

=0 for all t∈ [0,M].

Hence, ∫︂ t

0
TM′(s)(t−s)−βds=0, ∀t∈ [0,M].

This is an Abel integral equation. Recall that the Abel integral equation [28, 29] is given
by

F(t)=
∫︂ t

0

φ(s)
(t−s)α

ds, 0<α<1,

whose inversion formula reads

φ(t)=
sin(πα)

π

d
dt

∫︂ t

0

F(s)
(t−s)1−α

ds.
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It follows from F(t)=0 that φ(t)=0. Applying the inversion formula for Abel equations,
it follows that

TM′(s)=0 for a.e. s∈ [0,M],

and consequently,

TM(t)=TM(0), ∀t∈ [0,M].

Step 2. Inductive hypothesis

Assume that for some integer k≥1, we have already proved

TM′(s)=0 for a.e. s∈ [0,kM],

or equivalently,

TM(t)=TM(0) for all t∈ [0,kM].

Step 3. Inductive step: t∈ [kM,(k+1)M]

For t∈ [kM,(k+1)M], the memory interval is [t−M,t]. Since t−M∈ [(k−1)M,kM], the
inductive hypothesis guarantees that

TM′(s)=0 for all s∈ [t−M,kM].

Substituting into the fractional derivative expression yields

0=
∂βTM(t)

∂tβ
=

1−β

M1−β

∫︂ t

t−M
TM′(s)(t−s)−βds

=
1−β

M1−β

∫︂ kM

t−M
TM′(s)(t−s)−βds+

1−β

M1−β

∫︂ t

kM
TM′(s)(t−s)−βds. (1.16)

By the induction hypothesis, we have TM′(s)=0 for all s∈[0,kM]. Since t∈[kM,(k+1)M],
it follows that t−M∈[(k−1)M,kM], and hence [t−M,kM]⊂[0,kM]. Therefore, TM′(s)=0
for all s∈ [t−M,kM], which implies∫︂ kM

t−M
TM′(s)(t−s)−βds=0. (1.17)

From Eqs. (1.16) and (1.17), we obtain:∫︂ t

kM
TM′(s)(t−s)−βds=0, ∀t∈ [kM,(k+1)M].

Let µ = t−kM, τ = s−kM and define g(τ) := TM′(kM+τ). Then the above equation
becomes ∫︂ µ

0
g(τ)(µ−τ)−βdτ=0, ∀µ∈ [0,M].
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This is again an Abel integral equation. Applying the inversion formula, we obtain g(τ)=
0 for almost every τ∈ [0,M], i.e.,

TM′(s)=0 a.e. on [kM,(k+1)M].

Therefore,

TM(t)=TM(kM)=TM(0), ∀t∈ [kM,(k+1)M].

Thus, the continuous normalized time-fractional diffusion model with short memory pre-
serves conservation analytically:

TM(t)=TM(0) for all t>0.

Although the classical time-fractional diffusion equation has been widely applied to
the modeling of anomalous diffusion phenomena, their application to long-term simu-
lations remains computationally demanding due to the need to account for the entire
historical information of the solution. This motivates the development of more efficient
fractional models that retain key physical characteristics while significantly reducing
memory and computational burdens. The main contribution of this work lies in the for-
mulation and numerical implementation of a short memory normalized time-fractional
diffusion equation that achieves computational efficiency. By introducing a normalized
weighting function with fixed memory truncation, we enable accurate simulations of
fractional dynamics while substantially reducing computational costs, especially in high-
dimensional domains. While previous studies have focused on either normalized frac-
tional derivatives or short memory approximations, this study uniquely integrates both
approaches into a unified method. This integration enables a fair comparison across dif-
ferent fractional orders and facilitates long-time simulations with reduced complexity.
Furthermore, the applicability of this short memory scheme extends to a wide range
of normalized time-fractional derivatives, including the Allen–Cahn equation [30], the
Burgers equation [31], the SIR epidemic model [32], the Fokker–Planck equation [33], the
Fisher equation [34], and the Cahn–Hilliard equation [35].

To validate the proposed short memory normalized TF diffusion model, the subse-
quent sections provide detailed numerical implementations and experiments. In Sec-
tion 2, we describe the numerical schemes based on operator splitting and FDMs for
both 2D and 3D domains. Section 3 presents extensive numerical experiments that inves-
tigate the effects of varying memory lengths and fractional orders on solution behavior
and computational efficiency. Section 4 summarizes that the short memory model of-
fers a practical and computationally efficient method for simulating anomalous diffusion
phenomena across various spatial dimensions and temporal scales.
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2 Numerical solutions

2.1 2D discretization

Let Ω=(Lx, Rx)×(Ly, Ry) be the spatial domain, with discretization defined as follows:
Ω={(xi,yj)|xi=Lx+(i−1)hx, i=1,.. .,Nx and yj=Ly+(j−1)hy, j=1,.. .,Ny}, where hx=
(Rx−Lx)/(Nx−1) and hy=(Ry−Ly)/(Ny−1), for some positive integers Nx and Ny. Let
un

ij =u
(︁
xi,yj,tn

)︁
and tn =(n−1)∆t with the time step ∆t. For simplicity, let M=Mt∆t for

some positive integer Mt and h be the grid size. Eq. (1.11) can be evaluated using the
following computational integration formula:

∂βu(x,y,t)
∂tβ

=
1−β

[tn+1−max(0,tn+1−M)]1−β

n

∑
p=max(1,n+1−Mt)

∫︂ tp+1

tp

∂u(x,y,s)
∂s

ds
(tn+1−s)β

≈
n

∑
p=max(1,n+1−Mt)

1−β

[tn+1−max(0,tn+1−M)]1−β

∫︂ tp+1

tp

ds
(tn+1−s)β

up+1
ij −up

ij

∆t

=
n

∑
p=max(1,n+1−Mt)

(n+1−p)1−β−(n−p)1−β

[n+1−max(1,n+1−Mt)]1−β

up+1
ij −up

ij

∆t

=
n

∑
p=max(1,n+1−Mt)

wn
p

up+1
ij −up

ij

∆t

=wn
n

un+1
ij −un

ij

∆t
+

n−1

∑
p=max(1,n+1−Mt)

wn
p

up+1
ij −up

ij

∆t

≈wn
n

∂u(x,y,t)
∂t

+
n−1

∑
p=max(1,n+1−Mt)

wn
p

up+1
ij −up

ij

∆t
, at (x,y,t)=(xi,yj,tn+1), (2.1)

where wn
p :=[(n+1−p)1−β−(n−p)1−β]/[n+1−max(1,n+1−Mt)]1−β. It is noted that for

every value of n, the weighting parameter wn
p satisfies the following condition:

n

∑
p=max(1,n+1−Mt)

wn
p =1. (2.2)

We then rewrite the normalized diffusion equation as the following approximation:

∂u(x,y,t)
∂t

=
1

wn
n

∂2u(x,y,t)
∂x2 +

1
wn

n

∂2u(x,y,t)
∂y2

− 1
wn

n

n−1

∑
p=max(1,n+1−Mt)

wn
p

up+1
ij −up

ij

∆t
, at (x,y,t)=(xi,yj,tn+1).
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To efficiently solve this equation, we apply an operator splitting strategy [36, 37] that
decomposes the computation into two sequential one-dimensional problems. This ap-
proach enables the use of dimensionwise discretization and simplifies the numerical
implementation. Specifically, we separate the evolution process into the following two
steps:

Step 1 :
∂u(x,y,t)

∂t
=

1
wn

n

∂2u(x,y,t)
∂x2 +

1
2

sn
ij.

Step 2 :
∂u(x,y,t)

∂t
=

1
wn

n

∂2u(x,y,t)
∂y2 +

1
2

sn
ij, at (x,y,t)=(xi,yj,tn+1).

Here, sn
ij :=−∑n−1

p=max(1,n+1−Mt)
wn

p(u
p+1
ij −up

ij)/(w
n
n∆t). We solve the equations presented

in Steps 1 and 2 using the FDM as follows:

Step 1 :
u∗

ij−un
ij

∆t
=

u∗
i−1,j−2u∗

ij+u∗
i+1,j

wn
nh2

x
+

1
2

sn
ij, for i=2,.. .,Nx−1.

Step 2 :
un+1

ij −u∗
ij

∆t
=

un+1
i,j−1−2un+1

ij +un+1
i,j+1

wn
nh2

y
+

1
2

sn
ij, for j=2,.. .,Ny−1.

Rearranging the discrete equation in Step 1, the implicit scheme leads to a tridiagonal
linear system. For a fixed j, the equation for u∗

ij can be written as:

ζiu∗
i−1,j+ηiu∗

ij+θiu∗
i+1,j =Gi, i=1,.. .,Nx, (2.3)

where the coefficients are defined as:

ζi =− 1
wn

nh2
x

, ηi =
1

∆t
+

2
wn

nh2
x

, θi =− 1
wn

nh2
x

, and Gi =
un

ij

∆t
+

1
2

sn
ij.

Under the Dirichlet boundary conditions, we have the following setting: u∗
0j = 0 and

u∗
Nx+1,j=0. The system (2.3) is solved efficiently using the Thomas algorithm. This corre-

sponds to solving the linear system:

TxU∗
1:Nx ,j =G1:Nx ,j, (2.4)

where the tridiagonal matrix Tx takes the form:

Tx =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

η1 θ1 0 ··· 0 0
ζ2 η2 θ2 ··· 0 0
0 ζ3 η3 ··· 0 0
...

...
...

. . .
...

...
0 0 0 ··· ηNx−1 θNx−1
0 0 0 ··· ζNx ηNx

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (2.5)
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with vector solutions and the right-hand side vector

U∗
1:Nx ,j =[u∗

1j,u
∗
2j,. . .,u

∗
Nx j]

T, G1:Nx ,j =[G1,G2,. . .,GNx ]
T.

Step 2 can be solved by applying the same strategy used in Step 1, because the under-
lying structure of the discrete equation remains identical and the resulting linear system
admits the same type of decoupling and sequential solution procedure.

2.2 Conservation of mass

To verify the conservation law, we use the zero Neumann boundary condition and a
cell-centered discretization. Let Ω = (Lx, Rx)×(Ly, Ry) be the spatial domain, with
discretization defined as follows: Ω = {(xi,yj)|xi = Lx+(i−0.5)hx, i = 1,.. .,Nx and yj =
Ly+(j−0.5)hy, j = 1,.. .,Ny}, where hx = (Rx−Lx)/Nx and hy = (Ry−Ly)/Ny, for some
positive integers Nx and Ny. We use h to represent the grid size. Based on Eq. (1.14), we
define the discrete total quantity by

TMn :=hxhy

Nx

∑
i=1

Ny

∑
j=1

un
ij,

for all time steps n≥1. First, let us consider the case n=1. We have

u∗
ij−u1

ij

∆t
=

u∗
i−1,j−2u∗

ij+u∗
i+1,j

w1
1h2

x
, (2.6)

u2
ij−u∗

ij

∆t
=

u2
i,j−1−2u2

ij+u2
i,j+1

w1
1h2

y
. (2.7)

According to the definition of sn
ij, we conclude that the sum is empty when n = 1, i.e.,

s1
ij =0. Summing over all discretized grid points (i, j), we obtain

hxhy

Nx

∑
i=1

Ny

∑
j=1

u∗
ij−u1

ij

∆t
=hxhy

Nx

∑
i=1

Ny

∑
j=1

u∗
i−1,j−2u∗

ij+u∗
i+1,j

w1
1h2

x

=hxhy

Nx

∑
i=1

Ny

∑
j=1

(u∗
i+1,j−u∗

ij)−(u∗
ij−u∗

i−1,j)

w1
1h2

x

=hxhy

Ny

∑
j=1

(u∗
Nx+1,j−u∗

Nx j)−(u∗
1j−u∗

0j)

w1
1h2

x
=0, (2.8)

where we used the homogeneous Neumann boundary condition u∗
0j = u∗

1j and u∗
Nx+1,j =

u∗
Nx ,j. Thus, we have

hxhy

Nx

∑
i=1

Ny

∑
j=1

u∗
ij =hxhy

Nx

∑
i=1

Ny

∑
j=1

u1
ij,
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that is,

TM∗=TM1. (2.9)

For the second step, we apply the same procedure to Eq. (2.7), and we obtain

hxhy

Nx

∑
i=1

Ny

∑
j=1

u2
ij−u∗

ij

∆t
=hxhy

Nx

∑
i=1

Ny

∑
j=1

u2
i,j−1−2u2

ij+u2
i,j+1

w1
1h2

y

=hxhy

Nx

∑
i=1

Ny

∑
j=1

(u2
i,j+1−u2

ij)−(u2
ij−u2

i,j−1)

w1
1h2

y

=hxhy

Nx

∑
i=1

(u2
i,Ny+1−u2

iNy
)−(u2

i1−u2
i0)

w1
1h2

y
=0, (2.10)

where we use the homogeneous Neumann boundary condition u2
i0 = u2

i1 and u2
i,Ny+1 =

u2
i,Ny

. Again, we have

hxhy

Nx

∑
i=1

Ny

∑
j=1

u2
ij =hxhy

Nx

∑
i=1

Ny

∑
j=1

u∗
ij,

that is,

TM2=TM∗. (2.11)

From Eqs. (2.9) and (2.11), we obtain

TM2=TM1. (2.12)

Then, we assume that for some n≥2, the conservation law holds for all previous steps:

TMk =TM1, 1≤ k≤n. (2.13)

Next, for step n under the homogeneous Neumann boundary condition u∗
0j=u∗

1j, u∗
Nx+1,j=

u∗
Nx j, un+1

i0 =un+1
i1 , and un+1

i,Ny+1=un+1
iNy

, we have

hxhy

Nx

∑
i=1

Ny

∑
j=1

u∗
ij−un

ij

∆t
=hxhy

Nx

∑
i=1

Ny

∑
j=1

u∗
i−1,j−2u∗

ij+u∗
i+1,j

wn
nh2

x
+

1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij

=hxhy

Nx

∑
i=1

Ny

∑
j=1

(u∗
i+1,j−u∗

ij)−(u∗
ij−u∗

i−1,j)

wn
nh2

x
+

1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij

=hxhy

Ny

∑
j=1

(u∗
Nx+1,j−u∗

Nx j)−(u∗
1j−u∗

0j)

wn
nh2

x
+

1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij
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=
1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij, (2.14)

hxhy

Nx

∑
i=1

Ny

∑
j=1

un+1
ij −u∗

ij

∆t
=hxhy

Nx

∑
i=1

Ny

∑
j=1

un+1
i,j−1−2un+1

ij +un+1
i,j+1

wn
nh2

y
+

1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij

=hxhy

Nx

∑
i=1

Ny

∑
j=1

(un+1
i,j+1−un+1

ij )−(un+1
ij −un+1

i,j−1)

wn
nh2

y
+

1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij

=hxhy

Nx

∑
i=1

(un+1
i,Ny+1−un+1

iNy
)−(un+1

i1 −un+1
i0 )

wn
nh2

y
+

1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij

=
1
2

hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij. (2.15)

Adding Eqs. (2.14) and (2.15), it reduces to

hxhy

Nx

∑
i=1

Ny

∑
j=1

un+1
ij −un

ij

∆t
=hxhy

Nx

∑
i=1

Ny

∑
j=1

sn
ij. (2.16)

Using the definition of sn
ij, we obtain

∆t
Nx

∑
i=1

Ny

∑
j=1

sn
ij =− 1

wn
n

n−1

∑
p=max(1,n+1−Mt)

wn
p

Nx

∑
i=1

Ny

∑
j=1

(︂
up+1

ij −up
ij

)︂
. (2.17)

According to our previous assumption in Eq. (2.13), we have TMk = hxhy ∑Nx
i=1 ∑

Ny
j=1 uk

ij is
conserved for all k≤n, equivalently,

TMq+1=TMq, for all q≤n−1.

Then, for each q appearing in the above sum, we have

Nx

∑
i=1

Ny

∑
j=1

(uq+1
ij −uq

ij)=0.

Hence, according to Eq. (2.17):

∆t
Nx

∑
i=1

Ny

∑
j=1

sn
ij =0.

Substituting this result into (2.16) gives

hxhy

Nx

∑
i=1

Ny

∑
j=1

(un+1
ij −un

ij)=0, i.e., TMn+1=TMn.
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Since TM1 is conserved at the first step and we have shown that TMn+1 =TMn, mathe-
matical induction concludes

TMn =TM1, for all n≥1.

Therefore, the scheme preserves the total discrete conservation at every time level. The
3D case also satisfies the conservative law and can be proven through similar approach
as the 2D case.

2.3 3D discretization

Let us straightforwardly extend the dimension and consider a 3D domain. The 3D case
can similarly be discretized as Ω = {(xi,yj,zk)|xi = Lx+(i−1)hx, i = 1,.. .,Nx, yj = Ly+
(j−1)hy, j=1,.. .,Ny, and zk = Lz+(k−1)hz, k=1,.. .,Nz}, where hx =(Rx−Lx)/(Nx−1),
hy =(Ry−Ly)/(Ny−1), and hz =(Rz−Lz)/(Nz−1) is the uniform grid size for positive
integers Nx, Ny, and Nz. Let un

ijk = u(xi,yj,zk,tn). The 3D short memory normalized TF
derivative can be approximated as follows:

∂βu(x,y,z,t)
∂tβ

≈wn
n

∂u(x,y,z,t)
∂t

+
n−1

∑
p=max(1,n+1−Mt)

wn
p

up+1
ijk −up

ijk

∆t
,

at (x,y,z,t)=(xi,yj,zk,tn+1),

where wn
p shares the same definition in Eq. (2.1) for a short memory time M=Mt∆t. Let us

consider the following short memory normalized diffusion equation with zero Dirichlet
boundary condition in 3D space:

∂u(x,y,z,t)
∂t

=
1

wn
n

∂2u(x,y,z,t)
∂x2 +

1
wn

n

∂2u(x,y,z,t)
∂y2 +

1
wn

n

∂2u(x,y,z,t)
∂z2

− 1
wn

n

n−1

∑
p=max(1,n+1−Mt)

wn
p

up+1
ijk −up

ijk

∆t
, at (x,y,z,t)=(xi,yj,zk,tn+1).

In order to solve the equation efficiently, we adopt an operator splitting technique that
divides the original problem into two successive one-dimensional sub-problems. The
temporal evolution is accordingly handled through the following three-step procedure:

Step 1 :
∂u(x,y,z,t)

∂t
=

1
wn

n

∂2u(x,y,z,t)
∂x2 +

1
3

sn
ijk.

Step 2 :
∂u(x,y,z,t)

∂t
=

1
wn

n

∂2u(x,y,z,t)
∂y2 +

1
3

sn
ijk.

Step 3 :
∂u(x,y,z,t)

∂t
=

1
wn

n

∂2u(x,y,z,t)
∂z2 +

1
3

sn
ijk, at (x,y,z,t)=(xi,yj,zk,tn+1).
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(a)

(b)

(c)

(d)

Figure 2: The stored matrix for computing the short memory normalized TF diffusion equation.

Here, sn
ijk :=−∑n−1

p=max(1,n+1−Mt)
wn

p(u
p+1
ijk −up

ijk)/(w
n
n∆t). We solve the equations presented

in Steps 1, 2, and 3 using the finite difference method as follows:

Step 1 :
u∗

ijk−un
ijk

∆t
=

u∗
i−1,j,k−2u∗

ijk+u∗
i+1,j,k

wn
nh2

x
+

1
3

sn
ijk, for i=2,.. .,Nx−1.

Step 2 :
u∗∗

ijk−u∗
ijk

∆t
=

u∗∗
i,j−1,k−2u∗∗

ijk+u∗∗
i,j+1,k

wn
nh2

y
+

1
3

sn
ijk, for j=2,.. .,Ny−1.

Step 3 :
un+1

ijk −u∗∗
ijk

∆t
=

un+1
i,j,k−1−2un+1

ijk +un+1
i,j,k+1

wn
nh2

z
+

1
3

sn
ijk, for k=2,.. .,Nz−1.

These discrete equations are solved by using the Thomas algorithm [38] analogously as
the 2D case presented in Section 2.1, with homogeneous Dirichlet boundary conditions:

u1jk =0, uNx jk =0, for j=1,.. .,Ny and k=1,.. .,Nz, (2.18)

ui1k =0, uiNyk =0, for i=1,.. .,Nx and k=1,.. .,Nz, (2.19)

uij1=0, uijNz =0, for i=1,.. .,Nx and j=1,.. .,Ny. (2.20)

3 Numerical experiments

In this section, all computational experiments were conducted on a MacBook Pro
equipped with an Apple M1 Pro processor (8-core) and 16 GB of RAM. The algorithms
were implemented using MATLAB R2024b. We examine the relationship between the
memory length M and the fractional order β in the short memory TF method in 2D and
3D. For a fixed number of memory length steps Mt, when n≤ Mt+1, the size of matrix
stored for calculation increases linearly, as in the conventional TF method (see Fig. 2(a)
and (b)). Afterwards, when uMt+2 has been computed, it is stored in the original u1 loca-
tion in order to maintain a fixed memory length (see Fig. 2(c)). Next, as in Fig. 2(d), the
previously stored u is replaced with a new value.

For simplicity, we use a uniform spatial step size h = hx = hy = hz throughout the
numerical tests.
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Table 1: The temporal errors and convergence rates.

0.05/28 rate 0.05/29 rate 0.05/210 rate 0.05/211

l2-error 2.7648e-5 1.00 1.3798e-5 1.16 6.1820e-6 1.54 2.1216e-6

3.1 Convergence test

In this subsection, we analyze the temporal accuracy with the fixed parameters β= 0.5,
T = 0.05 and M= T/16. The computation domain is set to Ω=(0,1)×(0,1). The initial
condition is given as:

u(x,y,0)=2sin(πx)sin(πy), (x,y)∈Ω.

Here, we use the zero Dirichlet boundary conditions.
We define the l2-norm error E(∆t)=∥un−un

re f ∥2/∥un
re f ∥2, where ure f denotes the ref-

erence solution, and ∥un∥2 =
√︂

∑
Ny
j=1 ∑Nx

i=1(u
n
ij)

2/(Nx Ny). The temporal accuracy is exam-
ined by decreasing the time step through several refined values, taken as ∆t= 0.05/28,
0.05/29, 0.05/210, and 0.05/211. The spatial grid remains fixed at 101×101 points, while
the reference solution ure f is computed using a finer time step of ∆t=0.05/212. The tem-
poral errors and the corresponding convergence rates for different time steps are listed
in Table 1.

3.2 Total mass conservation

In this subsection, we demonstrate from a numerical perspective that the short-memory
time-fractional formulation preserves this discrete quantity under homogeneous Neu-
mann boundary conditions. The number of spatial grid points is Nx = Ny = 100, the
spatial step size is h=1/Nx, the time step size is ∆t=0.00005, the number of time steps is
Nt=20000, and final time is T=Nt∆t. Here, we use the parameters M=0.001 and β=0.9.
The initial condition is set as follows:

u(x,y,0)=cos(πx)cos(πy)+1, (x,y)∈Ω=(0,1)×(0,1). (3.1)

0 0.2 0.4 0.6 0.8 1
0.99

1

1.01

Figure 3: The temporal evolution of the discrete quantity.
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(a) (b)

Figure 4: Numerical solution of the diffusion equation in (a) the initial condition and (b) β=1 and t=0.05.

Here, we impose homogeneous Neumann boundary conditions. Fig. 3 shows the evolu-
tion of the discrete quantity over time, where we observe a clear conservation behavior.
Since the exact value of the mass is given by

∫︁ 1
0

∫︁ 1
0 (cos(πx)cos(πy)+1)dxdy=1, the nu-

merical results in Fig. 3 show that the discrete quantity stays equal to the exact value,
which verifies the conservation property of the scheme.

3.3 2D experiment

In this experiment, we observe the numerical solutions for the diffusion equation in 2D
field. The number of spatial grid points is Nx=Ny=51, the spatial step size is h=1/(Nx−
1), the time step size is ∆t=0.00005, the number of time steps is Nt=1000, and final time
is T=Nt∆t. The initial condition is set as follows:

u(x,y,0)=sin(πx)sin(πy), (x,y)∈Ω=(0,1)×(0,1). (3.2)

Here, for all t≥0, the solution u(x,y,t) satisfies zero Dirichlet boundary conditions on the
boundary of the domain. Fig. 4(a) and (b) show the initial condition and the numerical
solution when t=0.05 while β is set to 1, respectively. It is noted that β=1 corresponds
to the standard time derivative.

Next, we consider the time-fractional derivative with a short memory. The mem-
ory lengths are set to M = 10∆t,100∆t, and 1000∆t. Fig. 5 exhibits numerical solutions
with different β values and varying memory lengths M. More specifically, we select β=
0.01 and 0.99 and for each β value, we choose memory lengths M=0.0005, 0.005, and 0.05
for comparison.

When the fractional order β is fixed, the numerical solution with a smaller mem-
ory length M exhibits more rapid decay compared to those with larger memory lengths.
When the memory length M is fixed, the numerical solution decays less when adopting
smaller fractional order β. Namely, the smaller the fractional order β is and the longer
the memory length M is, the more historical data is carried during computation.



J. Yang et al. / Commun. Comput. Phys., 41 (2027), pp. 921-943 937

(a)

(b)

M=0.0005 M=0.005 M=0.05

Figure 5: Numerical solutions of the diffusion equation at t=0.05 for various values of M, where (a) and (b)
correspond to β=0.01 and β=0.99, respectively.

Table 2: The maximum values of the numerical solutions for the short memory normalized TF 2D diffusion
equation under different parameters.

β\M 0.0005 0.005 0.01 0.02 0.03 0.04 0.05
0.01 0.3745 0.3900 0.4060 0.4291 0.4500 0.4665 0.5026
0.50 0.3740 0.3843 0.3948 0.4131 0.4271 0.4422 0.4551
0.99 0.3729 0.3733 0.3736 0.3742 0.3746 0.3749 0.3751

In Fig. 6, we further visualize the maximum values of the computational solutions
of the 2D diffusion equation. Fig. 6 illustrates how the maximum value of the solution
changes with memory length M for different fractional orders β in 2D simulations. As M
increases, the maximum value grows significantly for small β (e.g., β=0.01), moderately
for β=0.50, and remains nearly constant for β=0.99. This indicates that longer memory
effects (large M) are more sensitive to variations in β, while solutions with short memory
(small M) are relatively unaffected.

Figure 6: The maximum values with respect to memory length M for various β in 2D experiments.
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Let us define the maximum value of the solution as:

Max := max
1≤i≤Nx ,1≤j≤Ny

u(xi,yj,T). (3.3)

Table 2 shows that the maximum value of the numerical solution increases as the
memory length M grows, particularly for small fractional order β = 0.01. For β = 0.50,
the increase is moderate, while for β=0.99, the maximum values remain nearly constant.
This demonstrates that solutions with longer memory are more sensitive to β, whereas
those with short memory are relatively stable regardless of M.

In addition to the two extreme fractional orders β=0.01 and β=0.99 discussed above,
we include the intermediate case β=0.5 in Table 2. As shown in Fig. 7, this intermediate
value demonstrates that both the decay rate and CPU time exhibit smooth and mono-
tonic dependence on M. Fig. 7 further displays the CPU time for solving Eq. (1.8) with
the initial condition (3.2) as a function of the memory length M. The CPU time is com-
pared to a reference value corresponding to the full memory case M=T, and the ratio is
plotted accordingly. Apart from varying the memory length M and the number of mem-
ory intervals Mt, all other parameters are kept identical to those used in the experiment
of Fig. 4. The results show that although the CPU time increases with memory length,
it remains substantially lower than the full memory cost. Hence, reducing M improves
computational efficiency without fully sacrificing memory effects.

3.4 3D experiment

We set the parameters uniformly as follows: the number of spatial grid points is Nx =
Ny = Nz = 51, the spatial step size is h= 1/(Nx−1), the time step size is ∆t= 0.0005, the
number of time steps is Nt = 100, and the final time is T= Nt∆t. The initial condition is
set as follows:

u(x,y,z,0)=sin(πx)sin(πy)sin(πz), (x,y,z)∈Ω=(0,1)×(0,1)×(0,1). (3.4)

Here, for all t≥0, the solution u(x,y,z,t) satisfies zero Dirichlet boundary conditions on
the boundary of the domain. Fig. 8 presents snapshots of the 0.2 isosurface of the solution

Figure 7: CPU time and Ratio with respect to memory length M for β=0.5 in 2D.
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(a)

(b)

(c)

M=0.01 M=0.025 M=0.05

Figure 8: Snapshots of the 0.2 isosurface of the solution in 3D space at t= 0.05 for various values of β and
memory length M: (a) β=0.01 with M=0.01, 0.025, and 0.05; (b) β=0.5 with M=0.01, 0.025, and 0.05; (c)
β=0.99 with M=0.01, 0.025, and 0.05.

in 3D space at t=T under different values of β and M. In Fig. 8, the values of M are the
same within each column, corresponding to M=20∆t, 50∆t, and 100∆t from left to right.
The values of β are the same within each row, corresponding to β=0.01, 0.5, and 0.99 from
top to bottom. It can be observed that, for a fixed memory length M, a larger value of β
leads to a faster temporal evolution. On the other hand, for a fixed β, a smaller memory
length M also results in a faster temporal evolution.

We investigate maximum values and CPU time for increasing the memory length M
for various β. We use the same set of parameters as those in the experiment shown in
Fig. 8. To quantify the degree of variation, we define the maximum value of the solution
as:

Max := max
1≤i≤Nx ,1≤j≤Ny,1≤k≤Nz

u(xi,yj,zk,T). (3.5)

In Fig. 9 and Table 3, the Max increases as the memory length M becomes larger. Smaller
values of the fractional order β result in more rapid growth of the Max. This suggests that
lower-order models, which exhibit stronger memory effects, preserve more historical in-
formation. We observe CPU time with respect to memory length M for β=0.5. The CPU
time increases as the memory length M becomes larger. This indicates that the proposed
short memory model is considerably more advantageous in terms of computational effi-
ciency.

In Fig. 10, we observe CPU time for increasing the memory length M for Eq. (3.4).
We then compare the CPU time and the reference time, which is defined as the CPU
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Table 3: The maximum values of the numerical solutions for the short memory normalized TF 3D diffusion
equation under different parameters.

β\M 0.005 0.01 0.02 0.03 0.04 0.05
0.01 0.2499 0.2720 0.3032 0.3315 0.3521 0.4019
0.50 0.2423 0.2568 0.2820 0.3012 0.3219 0.3421
0.99 0.2289 0.2293 0.2302 0.2309 0.2314 0.2316

time when M = T. We present the ratio of each case to the reference time. Except for
increasing the memory length M, the number of memory intervals Mt, we use the same
set of parameters as those in the experiment shown in Fig. 8. As the memory length
M decreases, the CPU time is significantly reduced, leading to a higher ratio compared
to the full memory model. However, as M increases and approaches T, the CPU time
converges to the reference value, and the ratio gradually approaches one. These results
demonstrate that using a shorter memory length substantially improves computational
efficiency, whereas longer memory lengths diminish the computational advantage.

4 Conclusions

In this study, we introduced a short memory normalized TF diffusion equation to re-
solve the high computational cost associated with traditional TF models. By truncating

Figure 9: The maximum values with respect to memory length M for various β in 3D experiments.

Figure 10: CPU time and Ratio with respect to memory length M for β=0.5 in 3D.
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the integral over a fixed memory interval and normalizing the weighting function, the
proposed model preserves the essential characteristics of fractional dynamics while sig-
nificantly improving computational efficiency. Through 2D and 3D numerical experi-
ments, we demonstrated that the memory length and the fractional order jointly influ-
ence the temporal evolution of the system. In particular, smaller memory lengths and
larger fractional orders lead to an evolution similar to that of the full memory model
with larger fractional orders, while smaller fractional orders preserve more historical in-
formation, which results in slower decay. The numerical results further verified that the
short memory approach drastically reduces computational time without compromising
the accuracy of the solution under larger fractional orders. These computational results
suggest that the proposed short memory normalized model is an effective and practi-
cal method for simulating anomalous diffusion phenomena over long time spans and in
high-dimensional domains such as 2D and 3D spaces.
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