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In this study, we present benchmark problems for the numerical methods of the phase-field equations. To find appropriate
benchmark problems, we first perform a linear stability analysis and then take a growth mode solution as the benchmark problem,
which is closely related to the dynamics of the original governing equations. As concrete examples, we perform convergence tests
of the numerical methods of the Allen-Cahn (AC) and Cahn-Hilliard (CH) equations using the proposed benchmark problems.
The one- and two-dimensional computational experiments confirm the accuracy and efficiency of the proposed scheme as the

benchmark problems.

1. Introduction

In this study, we present benchmark problems for the nu-
merical schemes of the phase-field equations. Two famous
phase-field models are chosen as examples. The first equa-
tion is the Allen-Cahn (AC) equation [1, 2]:

forx e Q,t>0. (1)

(pt (x’ t) = + A¢(x> t)>

F(p(x1)
&2

with the Neumann boundary condition n-V¢ =0 on
0Q), where n is the exterior normal vector to the domain
boundary 0Q). The phase-field ¢ (x,t) is the difference be-
tween the concentrations of the two mixtures components,
the free energy F(¢) = 0.25(¢* - 1)? is double-well poten-
tial, and € is a positive constant related to the thickness of the
interfacial transition layer. The second equation is the
Cahn-Hilliard (CH) equation [3]:

¢, (x,1) = A[F' (¢(x,1)) - 62A¢(x, t)], forx € O, t>0.
(2)

with the Neumann boundary condition n-V¢ =n-V-
A¢ =0 on 0Q. Because there are no closed-form analytic
solutions for the general initial and boundary conditions of
the AC and CH equations, it is required to approximate the
solutions of the equations using numerical methods.
Therefore, to validate the accuracy of the newly proposed
numerical methods, it is essential to test the developed
methods with benchmark problems. The logarithmic Flor-
y-Huggins potential is one of the useful potentials among
phase-field models. In [4], the authors developed an ap-
propriate temporal discretization method for the nonlinear
term of the fourth-order CH equation with concentration
dependent mobility and logarithmic Flory-Huggins po-
tentials. The developed Invariant Energy Quadratization
(IEQ) method is linear and unconditionally stable. Shen
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etal. [5] proposed a scalar auxiliary variable (SAV) approach
based on the IEQ method to construct accurate and efficient
time discretization methods for a large class of gradient
flows. Yang et al. [6] developed an improved SAV approach
inspired by a step-by-step solving scheme based on the SAV
approach for gradient flow problems which includes the AC
and CH equations [7]. The improved SAV approach has all
the advantages of classical SAV approach, further simplifies
the algorithm, and easily constructs the temporally first-
order and second-order methods. To solve the AC equation
with Flory-Huggins potential, a novel energy factorization
approach is used based on a stabilization technique called
the stabilized energy factorization approach [8]. The discrete
maximum principle and unconditional energy stability of
the novel energy factorization approach have been rigor-
ously proved using the discrete variational principle. A novel
linear, energy stable, and maximum principle preserving
scheme was developed to semi-implicitly treat double-well
potentials in the AC equation using the energy factorization
approach [9]. A variety of benchmark problems have been
proposed for the phase-field models and used to validate the
numerical schemes. Jokisaari et al. [10] proposed two
benchmark problems: solute diffusion and second-phase
growth and coarsening. Jeong et al. [11] presented two

Discrete Dynamics in Nature and Society

benchmark problems, which are shrinking annulus and
spherical shell. They considered the CH equation in radially
and spherically symmetric forms to obtain simple bench-
mark solutions. For the AC and CH equations, Church et al.
[12] provided four benchmark problems. Zhang et al. [13]
tested a class of linear numerical schemes for the func-
tionalized CH equation using stabilized scalar auxiliary
variable (SAV) method. Wu et al. [14] presented two
benchmark problems on homogeneous and heterogeneous
nucleation. Li et al. [15] suggested the numerical benchmark
solution of the CH equation. They adopted the fourth-order
Runge-Kutta method and finite difference method for the
integration in time and the spatial differential operator,
respectively, with a cosine initial condition. Hug et al. [16]
proposed a benchmark problem for brittle fracture.

For example, Jeong et al. [11] used the following initial
state for a benchmark problem:
0.1- |r—0.75] )

e (3)

In [12], the authors used the following four benchmark
problems:

¢(r,0) = tan h(

B (5,0) = cos(2x) + 0,016, }
$(x, y,0) = 0.05[cos (3x)cos (4) + cos” (4x)cos’ (3y) + cos (x — 5y)cos (2x - y)], (5)
\/(x_ﬂ)2+(y—ﬂ)2—2 .
¢(x’)’>0)=tanh \/EE .
7
¢(x’y’0):_1+Zf<\/(x‘xi)2+(y—yi)2 _r)" .
i1 1

where f(s) = 2e <" if s< 0 and f (s) = 0 otherwise. In [13],
the authors used the following initial condition for the
benchmark problem:

(p(x)y, 0) — zesin x+sin y—2 + z.ze—sinx— siny—2 1 (8)

Figure 1 shows some of the initial conditions for the
benchmark problems.

However, most of the previous benchmark problems for
the phase-field equations are chosen without any concrete
theoretical basis. In [17], the authors developed a mathe-
matical model including heat equation and optimization of
the experimental parameters and temperature profiles, and
the mathematical model was validated according to the
numerical results without suggesting a benchmark problem.
Benchmark problems with concrete theoretical basis are an
important basis for validating the accuracy of mathematical
models and numerical methods.

In this paper, we propose appropriate benchmark
problems to verify the accuracy of the numerical methods

based on the theoretical basis through linear stability
analysis using simple initial conditions. First, we perform a
linear stability analysis and then take a growth mode so-
lution [18] as the benchmark problem, which is closely
related to the dynamics of the original governing equations.

The layout of this paper is as follows. In Section 2, the
procedure of finding benchmark problems is described. In
Section 3, the numerical experiments are performed. In
Section 4, the conclusions are given.

2. Proposed Benchmark Problems

In this section, the proposed benchmark problems are
presented for the numerical methods of the one- and two-
dimensional AC and CH phase-field models. We first
conduct a linear stability analysis and then take a growth
mode solution as the benchmark problem, which is closely
related to the dynamics of the AC equation or the CH
equation.

85U8017 SUOWLIOD /11D 8|qeotjdde aus Aq peuseno a1e ssolle O ‘8sN JO s8N oy Akeid18uljuO 3|1 UO (SUOPUOO-PUB-SWBIW00" A8 | 1M AReqlBul UO//SdnL) SUORIPUOD pue swie 1 8y} 885 *[6202/.0/7T] uo AridiTaulluo A8|IM * BOIPBIN ANSIBAIUN BRI0Y - WIS Yossune AQ 26GTS/Z/2202/SSTT OT/I0pAW0D A8 | Afe.d 1 |puluo//:SAny Wouy papeojumoa ‘T ‘2202 ‘650



Discrete Dynamics in Nature and Society 3
1 1
6
0.5 0.5 0.1
4
0
¢ ¢ 0 y
0
-0.5 -0.5 2
-1 -1
0 0.5 1 0 4 6 0 2 4 6
r X X
(@) (b) (©
6 6 6
1
0.5 0.5
4 4 4
0.5
y oy oy
2 05 C -0.5 2 0
-1
0 2 4 6 0 2 4 6 0 2 4 6
X X X
(d) ®
FIGURE 1: (a-f) The different initial conditions for benchmark problems from equations (3) to (8), respectively.
2.1. Benchmark Problems for the AC Equation. First, let us ) 1,
consider the benchmark problems for the one- and two- a (t) = 2 k™ Ja(t). (12)

dimensional AC equation.

2.1.1. One-Dimensional AC Equation. The one-dimensional
AC equation is as follows:

3
xt)—¢(x,t
¢t(x)t)= ¢ ( )2¢( )+¢xx(x)t))
€ )
forx € Q =(0,2m),t>0.
with the Neumann boundary condition

¢.(0,t) = ¢, (2m,t) =0. To find appropriate benchmark
problems for the AC equation, a linear stability analysis is
first conducted around a spatially constant critical com-
position solution ¢ = 0. We linearize the nonlinear term
F'(¢) = ¢’ — ¢ by applying the Taylor expansion and then
get linearized term F'(¢) = — ¢. Therefore, the linearized
AC equation is as follows:

8, (o t) = 200

&€

+ ¢, (x,1). (10)

For a positive integer k, we take O (x, t) = a(t)cos (kx) as
a solution for (10), where «(t) is an amplitude. Substituting
above @ (x,t) into (10), we have

a(t)cos (kx)
——

o (t)cos (kx) = —K*a(t)cos (kx). (11)

Dividing cos (kx) on the both sides of (11), we obtain

Then, the solution of the ordinary differential equation
(ODE) (12) is as follows:

a(t) = a(O)exp[(elz—kz)t]. (13)

Let
O (x,t) = a(t)cos (kx). (14)

Be a benchmark problem solution for a one-dimensional
modified AC equation, where «(t) is given by (13). Here,
D (x,0) = a(0)cos (kx) is the initial condition. Next, when
performing the convergence tests for the numerical schemes
of the AC equation, we consider the following modified AC
equation with a source term:

F($(x1)
€2

¢, (x,1) = + ¢ (x,8) +s(x,t) fort>0,

(15)

where

F'(®(x,1)
=

s(x,t) = O, (x,1) + -0, (x1)

=o'+ (o (t)cos” (kx) — a (1)) + K () |cos (kx).
€

(16)
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Here, the value of a(t) is given in (13) and a' (¢) can be
found by taking the first derivative of a(¢) with respect to ¢.
Note that if k is chosen to satisfy k < 1/, then the numerical
solution grows as time evolves as seen from (13).

2.1.2. Two-Dimensional AC Equation. The two-dimensional
AC equation is as follows:

¢’ (x, 1) — P (x, y, 1)
2
&

¢ (x, 1) = + A¢(x, y,1),

for(x, y) € Q =(0,2m) x (0,27), t > 0.
(17)

with the Neumann boundary condition n-V¢ =0 on
0Q), where n is the exterior normal vector to the domain
boundary 0Q. To find appropriate benchmark problems for
the two-dimensional AC equation, we first conduct a linear
stability analysis around a spatially constant critical com-
position solution ¢ = 0. The nonlinear term F' (¢) = ¢*> — ¢
is linearized by applying the Taylor expansion, and then the
linearized term F'(¢) ~ —¢ is obtained. Therefore, the
linearized AC equation is as follows:
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Dividing cos (k,x)cos (kyy) on the both sides of (19), we
obtain

o () = (——k —k)aU) (20)
Then, the solution of the ODE (19) is as follows:
am—amk@K——H kgﬂ. (21)
Let
D (x, y,t) = a(t)cos (k,x)cos(k,y). (22)

be a benchmark problem solution for the modified AC
equation, where «(t) is given by (21). The initial condition is
given by @ (x, ,0) = (x(O)cos(kxx)cos(kyy). Finally, when
we perform convergence tests for numerical schemes of the
AC equation, the following modified AC equation with a
source term is taken:

F'(¢(x, y,1))
2
&

¢, (x, y,t) = — +Ap(x, y,t) +s(x, y,1),

for(x, y) € Q,t>0,

(x, ¥,
¢t (x’ y’ t) ¢ y +¢xx (X, )’> t) +¢yy (x’ )’> t) (18) (23)
For positive integers k, and k,, let us consider where
D (x, y,t) = a(t)cos (kxx)cos(kyy) as a two-dimensional
benchmark solution for (18), where a () is an amplitude.
Substituting above @ (x, y,t) into (18), then
tx(t)cos(kxx)cos(k y)
o (t)cos (kyx)cos(k,y) = z
(5) - 20 -
—(ki + ka,)oc(t)cos (kxx)cos(kyy).
F' (D (x, y,t
$Go ) = @, (6 yot) + PP £y
€
(24)

, 1
=|a (t) + Z ((x3 (t)cos* (kxx)cosz(ky

Here, the value of a(t) is given in (21) and o' (¢) can be
found by taking the first derivative of a (t) with respect to t.
Note that if we set k, and k,, satisfying k3, + kj < 1/¢?, then
the numerical solutlon grows as time evolves 4s seen from
(1).

2.2. Benchmark Problems for the CH Equation. Next, let us
consider the benchmark problems for the one- and two-
dimensional CH equation.

y) - (x(t)) +(ki + ki)(x(t) cos (kxx)cos(kyy).

2.2.1. One-Dimensional CH Equation. The one-dimensional
CH equation is as follows:

¢ (6 t) = [¢7 (x,6) - g (x, 1) — €20, (x,8)]
forx € Q =(0,2m),t>0.

(25)

with  the  Neumann  boundary  condition
¢.(0,t) =¢,2m,t) = ¢, (0,8) = ¢, (27, t) = 0. Similar
to the benchmark problem solution of the AC equation, a
linear stability analysis is first conducted around a spatially
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constant critical composition solution ¢ =0. Then, the
linearized CH equation is as follows:

¢t (x,1) = _¢xx (x,1) = €2¢xxxx (x, ). (26)

For the positive integer k, we consider
D (x,t) = f(t)cos (kx) as a solution for (26), where (¢) is an
amplitude. Substituting above @ (x,t) into (26), we have

B’ (t)cos (kx) = k*B(t)cos (kx) — k*e’B(t)cos (kx).  (27)

Dividing cos (kx) on the both sides of (27), we obtain

Let
D (x,t) = f(t)cos (kx). (30)

be a benchmark problem solution for the CH equation,
where 3 (t) is given by (29). The initial condition is given by
®(x,0) = f(0)cos (kx). Finally, to conduct convergence
tests for numerical schemes of the CH equation, the fol-
lowing modified CH equation with a source term is
considered:

¢ (1) = [F' ($(x, 1)) - €9, (x,1)]

31
B (t) = K*[1- (ke)*|B(t). (28) +s(x,t) fort>0, Gy
Then, the solution of the ODE (28) is as follows: where
B(t) = B(0)exp[k*(1 - (k) )t]. (29)
s(x,t) = O, (x,t) = [F (D (x,)) - €D, (x,8)]
203
=g @®+ 3k i ®_ K*B(t) + k*e’B(t) |cos (kx) (32)
23
+ kP (1) cos (3kx),

4

where the triple angle identity for cosine is applied, that is,
cos® (kx) = [cos(3kx) + 3 cos(kx)]/4. Here, the value of
B(t)is given in (29) and ' (¢) can be found by taking the first
derivative of 3 (¢) with respect to t. Note that if k is chosen to
satisfy k <1/e, then the numerical solution grows as time
evolves as seen from (29).

2.2.2. Two-Dimensional CH Equation. The two-dimensional
CH equation is as follows:

¢, (x, 1) = A[¢3 (x, y,t) = (x, y, t) — 82A¢ (x, v, t)],

for(x, y) € Q =(0,2m) x (0,2m),t>0.
(33)

B (t)cos (kxx)cos(kyy)

Dividing cos (k,x)cos (kyy) on the both sides of (35), we
obtain

B (1) =(k: + k) [1 - (k3 + K3 )€’ | B (o). (36)
Then, the solution of the ODE (36) is as follows:
B(t) = B(0)exp(ky + k5 ) [1 = (K2 + K3, )e?] . (37)

With the Neumann boundary condition n-V¢ =0 on
0Q), where n is the exterior normal vector to the domain
boundary 0. A linear stability analysis is conducted around
a spatially constant critical composition solution ¢ = 0.
Then, the linearized CH equation is as follows:

¢, (x, 9,1) = A[—¢ (%, 1) — 62A</>(x, ¥, t)]. (34)

For ~ the positive integers k, and k,,
D (x, y,t) = B(t)cos (k,x)cos (kyy) is given as a solution for
(34), where pB(t) is an amplitude. Substituting above
®(x, y,t) into (34), we have

(k% + 1) [1 = (K2 + K, )€’ |B(t)cos (K, x)cos(k, y). (35)

Let
® (x, y,t) = B(t)cos (k,x)cos(k, y ), (38)

be a benchmark problem solution for the CH equation,
where f(t) is given by (37). The initial condition is given by
D (x, ¥,0) = f(0)cos (k,x)cos (kyy). Finally, when con-
ducting convergence tests for the numerical schemes of the
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CH equation, we consider the following modified CH
equation with a source term:

(%, 3,1) = A[F (¢ (x, . 1)) — €A (x, y, 1) +5(x, 3,1),  (39)

s(x, y,t) = O, (x, y,t) -

/3 (t)

+9 cos (kxx)cos(kyy)(ki +

Discrete Dynamics in Nature and Society

where

A[F' (@ (x, ,1)) - €AD (x, y,1)]

[3 cos(k x)cos(3k )(kfC + 9k§,) +3 cos (3kxx)cos(k},y)(9ki + ki)]

(40)
ki) +9 cos (3kxx)cos(3kyy)(ki + ki)]
+(B' (1) - p)(1 - &k + k) ) (K3 + k3) )eos (., x)cos(k, y ).
F' (¢ is linearized at o, therefore,

Here, the value of B(t) is given in (37) and f’ (¢) can be
found by taking the first derivative of 3(t) with respect to ¢.
Note thatif k, and k,, are given satisfying k7 + k), < 1/¢?, then
the numerical solution grows as time evolves as seen from
(37).

3. Numerical Experiments

In this section, we compute the numerical solutions of the
two phase-field equations and verify the accuracy of the
proposed method. A multigrid algorithm [19-21] is used to
solve the discrete equations. Let the [, -norm errors

(I,-error) be defined as |Ie%’xll2 =1/1/N, ZZ{ (e,N‘)Z, where

eIN‘ = ¢IN‘ - O(x;,T) for i=1,...,N, in one-dimensional
N, N, <N N,

space, and ||eNx)Ny I, = \/l/NxNy Yo ijyl (el,j )%, where

efjf = (/55}" -O(xpypT) fori=1,...,N
two-dimensional space.

wj=L..,N, in

3.1. Convergence Test for One-Dimensional AC Equation.
A convergence test of the proposed method is conducted for
the one-dimensional AC equation. Let ¢! be approximation
of ¢(x;t,), where x;=(i—0.5h, i=1,2,...,N, and
h = 2n/N,. Equation (1) is discretized by applymg the 0
-method [22] as follows:

o ((¢,) )

¢n+1

i n+1 n+1/2
+ Ay, +s;

8

where A, ¢! = (¢, - 2¢" + ¢7. ) )/h?. Here, if 6 = 0.5, then
(41) is the Crank-Nicolson (CN) method [23]; else if 6 = 1,
then it is the fully implicit Euler method. The Neumann
boundary condition is applied, thus, ¢j = ¢} and ¢N =
¢y foralln=0,1,.... The discretized (41) is solved by us1ng
the multigrid algorlthm The nonlinear part (gb”“)3

¢ — ¢t
At
(41)

¢”+1)3 gb"‘)3 +3(¢" )2 (¢ —¢"). Here, m is the
Gauss-Seidel relaxation step in the multigrid algorithm.
The initial condition is ¢(x,0) =0.2cos(2x) on
Q=(0,27), thus, @(x,T)=0.2eV"HTcos(2x) on
Q = (0,2m) is a benchmark problem solution for the AC
equation. The multigrid algorithm parameters are set as
follows: the number of Gauss—Seidel relaxation iteration = 3,
the tolerance = 1.0e -8, and the maximum number of it-
eration = 300.

3.1.1. Fully Implicit Method. Table 1 shows the convergence
test results of the fully implicit method (6 = 1) for time step,
with T' = 1.0e —5 and various temporal step sizes At = T/N,
where N, = 8,16, 32, and 64. Other parameters are fixed as
follows: N, = 2048, h = 2n/N, and € = h.

Table 2 shows the convergence test results of the fully
implicit method for space step, with T' = 1.0e—5 and various
spatial step sizes h = 271/N, where N, = 8,16,32, and 64.
Other parameters are fixed as follows: N, = 2048,
At = T/N,, and € = 71/32.

3.1.2. Crank-Nicolson Method. Table 3 shows the conver-
gence test results of the CN method (8 = 0.5) for time step,
with T' = 1.0e -5 and various temporal step sizes At = T/N,
where N, = 8, 16,32, and 64. Other parameters are fixed as
follows: N, = 2048, h = 2n/N, and € = h.

Table 4 shows the convergence test results of the CN
method for space step, with T = 1.0e -5 and various spatial
step sizes h = 27n/N, where N, =8,16,32, and 64. Other
parameters are fixed as follows: N, = 2048, At = T/N,, and
& =m/32.

3.2. Convergence Test for Two-Dimensional AC Equation.
Let ¢! be approximation of ¢(x;y;t,), where
x; = (i —0.5)h, i=12,...,N,, y;=(j—0.5)h,

j=1L2...,N, and h=2n/N, =2n/N,. The
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TaBLE 1: Convergence test results of the fully implicit method for
time step.

TaBLE 5: Convergence test results of the fully implicit method for
time step.

(hy (h, (h, (h, (h, (h,
Case (h, At) Rate At/2) Rate At/4) Rate At/8) Case (h, At) Rate At/2) Rate At/4) Rate At/8)
1,-error 1.672306— 1.02 8.253126— 101 4.093766— 1.00 2.043196- 1,-error 1.442876— 1.04 7.03;)66— 1.02 3.46;166— 101 1.713996-

TaBLE 2: Convergence test results of the fully implicit method for
space step.

(h2, (h/4, (h8,
Case (h, At) Rate AD) Rate Af) Rate Af)
I,-error 1.076276— 191 2.857176— 1.98 7.248246— L 1.818996—

TaBLE 3: Convergence test results of the CN method for time step.

(h, (h, (h,
Case (h, At) Rate At/2) Rate At/4) Rate AHIS)
L -error 3.52495e— 199 8.87505e— 500 2.22506e— 500 5.55633e-

TaBLE 4: Convergence test results of the CN method for space step.

(h/2, (h/4, (h8,
Case (h, At) Rate AD) Rate Af) Rate Af)
L -error 1.07626e- Lol 2.85714e- Log 7.23893e- . 1.81868e-

two-dimensional AC equation is discretized by applying the
0 -method as follows:

el g ‘(¢
u:(1_0)<_F (¢’])+Ah¢?j>
&

At 2

Fr n+1
+ 9<— ((/520 )+Ah¢:zj+l +S}"lrf'1/2’
£

(42)
i

where  0<0<1, A= (¢f + @y + ¢ + 70—
4¢f’j)/h2. We set the ghost points as ¢, =¢j;
¢nNX+1,j = (ban,j’ j=12...,N, and ¢}, = ¢}, ¢2Ny+1 =
¢2Ny, i=1,2,...,N, for all n=0,1,..., because the
Neumann boundary condition is adopted. The discretized
governing equation is solved by using the multigrid
method.

The initial condition is ¢ (x, y,0) = 0.2cos (2x)cos(2y)
on Q= (0,2m) x (0,2m), thus, DO(x,9,7T) =
0.2¢1€=8T ¢os (2x)cos (2y) on Q = (0,27) x (0,27) is the
benchmark problem solution for the two-dimensional AC
equation. The multigrid algorithm parameters are taken as
follows: the number of Gauss-Seidel relaxation iteration = 3,
the tolerance = 1.0e -8, and the maximum number of it-
eration = 300.

3.2.1. Fully Implicit Method. Table 5 shows the convergence
test results of the fully implicit method for time step, with
T = 1.0e -5 and various temporal step sizes At = T/N, where

N, = 8,16, 32, and 64. Other parameters are fixed as follows:
N, =N, =2048, h=27/N,, and e = h.

Table 6 shows the convergence test results of the fully
implicit method for space step, with T' = 1.0e -5 and various
spatial step sizes h=2n/N, =27n/N, where
N, =N, =8,16,32, and 64. Other parameters are fixed as
follows: N, = 2048, At = T/N,, and & = 7/32.

3.2.2. Crank-Nicolson Method. Table 7 shows the con-
vergence test results of the CN method for time step, with
T =1.0e -5 and various temporal step sizes At =T/N,
where N, = 8,16, 32, and 64. Other parameters are fixed as
follows: N, = N, = 2048, h = 21/N,, and € = h.

Table 8 shows the convergence test results of the CN
method for space step, with T' = 1.0e -5 and various spatial
step sizes h = 27n/N, where N, = 8,16,32, and 64. Other
parameters are fixed as follows: N, = 2048, At = T/N,, and
e =m/32.

It is demonstrated that the calculated numerical results
are appropriate benchmark problems for verifying the
correctness of the numerical methods for the AC equation.

3.3. Convergence Test for One-Dimensional CH Equation.
We consider the convergence tests of numerical schemes for
CH equation. Equation (2) is discretized by applying the
nonlinearly convex splitting method [24] as follows:

1
‘/”'Hl - ‘/’fl 1 1 1\3 2 1 "y
e AL b= A =(¢?+ ) — ¢ - AT+ 2,

(43)
where i=1,2,...,N,. Here, the ghost points are set as
¢g = ¢rll’ ¢an+1 = ¢an’ lug = tuyll and /’lan+1 = Auan fOl‘ all
n=0,1,..., because the Neumann boundary condition is

applied. The multigrid algorithm is used to solve (43)

The initial condition is ¢(x,0) =0.2cos(2x) on
Q=(0,27), thus, ®(x,T)=0.2e“1Tcos(2x) on
Q = (0,2m) is the benchmark problem solution for the CH
equation. The multigrid algorithm parameters are set as
follows: the number of Gauss-Seidel relaxation iteration = 3,
the tolerance = 1.0e -8, and the maximum number of it-
eration = 100.

Table 9 shows the convergence test results of the un-
conditionally stable method [25] for time step, with T' = 1.0e
-2 and various temporal step sizes At =T/N, where
N, = 8,16, 32, and 64. Other parameters are fixed as follows:
N, =2048, h =2n/N,, and ¢ = 8h.

Table 10 shows the convergence test results of the un-
conditionally stable method for space step, with T' = 1.0e -2
and various spatial step sizes h=27n/N, where
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TaBLE 6: Convergence test results of the fully implicit method for
space step.

(h/2, (h/4, (h/s,
Case (h, At) Rate AD) Rate Af) Rate Af)
l,-error 1.516696— 191 4.037266— 1.98 1.02;106— 1.99 2.57814e—

TaBLE 7: Convergence test results of the CN method for time step.

(h, (h, (h,
Case (h, At) Rate At/2) Rate At/4) Rate AS)
I, -error 2'144106' 2.00 5’365586' 2.00 1’345236' 2.00 3‘35662"‘

TaBLE 8: Convergence test results of the CN method for space step.

(h/2, (h/4, (h/8,
Case (h, At) Rate At) Rate Af) Rate AD)
1,-error 1.516696- 191 4.037248- 1.98 1.027386— 1.99 2.56893e-

TaBLE 9: Convergence test results of the unconditionally stable
method for time step.

(h, (h, (h,
Case (h, At) Rate At/2) Rate At/4) Rate ALS)
ferror LO055 g BISHe g 41886 g 210176

TaBLE 10: Convergence test results of the unconditionally stable
method for space step.

(h/2, (h/4, (h/8,
Case (h, At) Rate Af) Rate Af) Rate Af)
1.4948e- 3.4801e- 9.4222e- 2.4093e-
I,-error 3 2.10 4 1.88 5 1.97 05

N, = 8,16, 32, and 64. Other parameters are fixed as follows:
N, =2048, At =T/N,, and ¢ = n/32.

3.4. Convergence Test for Two-Dimensional CH Equation.
Next, the two-dimensional CH equation is also discretized
by applying the nonlinearly convex splitting method as
follows:

+1
o -4

_ n+l ol (13 n 2 n+l n+1/2
AL —Ah.”ij > Hij —(‘/51‘]‘ ) _‘/’ij_SAh‘Pij S

ij
(44)

wherei=1,2,...,N,,j=12,.
set as ¢0] = T]’ Nx+1] = ¢Nx]’ [’10] !’llj’ AuNx+1] AuNx]’
] =1, 2 Ny and (/)10 ¢11’ ¢1Nx+1 ¢1Nx’ AulO Mz,l’
Pings1 = Bine 1= 1,2,...,Nx, for all n=1,2,.. ., because
of the Neumann boundary condition. The multigrid algo-
rithm is used to solve (44)

The initial condition is ¢ (x, ¥,t) = 0.2cos (2x)cos(2y) on
Q= (0,27) x (0,27),  thus  D(x,y,T) = 0.2eE T
cos (2x)cos(2y) on Q = (0,2m) x (0,27) is the benchmark

-» N . The ghost points are

Discrete Dynamics in Nature and Society

problem solution for the CH equation. The multigrid algorithm
parameters are taken as follows: the number of Gauss—Seidel
relaxation iteration =3, the tolerance = 1.0e -8, and the
maximum number of iteration = 100.

Table 11 shows the convergence test results of the un-
conditionally stable method for time step, with T' = 1.0e -2
and various temporal step sizes At =T/N, where
N, = 8,16, 32, and 64. Other parameters are fixed as follows:
N, =N, =2048, h =2n/N,, and € = 8h.

Table 12 shows the convergence test results of the un-
conditionally stable method for space step, with T' = 1.0e -2
and various spatial step sizes h =2m/N, = 27/N, where
N, =N, =8,16,32, and 64. Other parameters are fixed as
follows: N, = 2048, At = T/N,, and ¢ = 7/32.

It is demonstrated that the calculated numerical results
are appropriate benchmark problems for verifying the
correctness of the nonlinear convex splitting method for the
CH equation.

3.5. Convergence Test for Two-Dimensional CH Equation
Based the SAV Approach. The two-dimensional CH equa-
tion is discretized by applying the SAV approach [5]. The
SAV approach is a step-by-step solving approach, and it can
achieve both temporally first- and second-order accuracy. In
this section, we consider the first-order SAV approach and
perform the convergence test. For a detailed description of
the SAV approach, see [5]. First, we define a time-dependent

variable U as U (¢) = \/'[QF(q’))dx,F(q’)) =0.25(¢* - 1)

_ e A
Next, let ¢™*! = ¢”+1 + Un+1¢n+ N Un+1yn+1'

Therefore, we can rewrite (44) as
—n+l

‘/’ n ‘/5 Aﬁnﬂ n S;ﬂ/z)ﬁnﬂ _ —52A$n+1 + S<$n+1 3 ¢,,)’

(45)

~n+1
AAnH —n+1 ~n+1 F/ (¢n) ~n+1

2
L= AL = A A ——=+ S
At [oF(¢")dx
(46)

where i=1,2,...,N,, j=12,...,N, and S is a positive

constant that plays a role of stablhzatlon The ghost pomts
are set as ¢()] (/)1]’ (ibN LT (ibNX]’ ‘Iﬁ),] ‘[il’]

— n n
ﬁ&xﬂj P’N 7 j=L2,...,N, and bio = i
,N, for

¢i,Nx+1 ¢1N s Wiy = Bis [’lzN +1 = .“zN ,i=1,2,.
all n=1,2,...,and ghost points for ¢, " are set 51m11ar1y to
$", ¢, respectively. The multigrid algorithm is used to solve
CH equation with SAV  approach. We wuse
¢(x,¥,0) = 0.2cos(2x)cos(2y) on Q= (0,2m) x (0,2n),
therefore ® (x, y,T) = 0.2¢® 64T cos (2x)cos (2y) on Q =
(0,2m) x (0, 27) is the benchmark problem solution for the
CH equation and stabilization constant is S = 2. The mul-
tigrid algorithm parameters are taken as follows: the number
of Gauss-Seidel relaxation iteration = 3, the tolerance = 1.0e
-8, and the maximum number of iteration = 100.

Table 13 shows the first-order convergence test results of
the SAV approach for time step, with T' = 1.0e -2 and various
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TaBLE 11: Convergence test results of the unconditionally stable method for time step.

Case (h, At) Rate (h, At/2) Rate (h, At/4) Rate (h, At/8)
l,-error 9.5984e-2 0.99 4.8199%-2 1.00 2.4169e-2 1.00 1.2119e-2
TaBLE 12: Convergence test results of the unconditionally stable method for space step.

Case (h, At) Rate (h/2, At) Rate (h/4, At) Rate (h/8, At)
I,-error 1.7444e-3 2.08 4.1116e-4 1.93 1.0805e-4 1.98 2.7467e-5
TaBLE 13: Convergence test results of the SAV approach for time step.

Case (h, At) Rate (h, At/2) Rate (h, At/4) Rate (h, At/8)
I,-error 1.3104e-03 0.98 6.6381e-04 0.99 3.3418e-04 0.99 1.6772e-04
TaBLE 14: Convergence test results of the SAV approach for space step.

Case (h, At) Rate (h/2, At) Rate (h/4, At) Rate (h/8, At)
I,-error 1.0963e-02 2.08 2.5863e-03 1.92 6.8208e-04 1.96 1.7592e-04

temporal step sizes At = T/N,, where N, = 8,16,32, and 64. Acknowledgments

Other parameters are fixed as follows: N, = N, = 2048,
h =2n/N,, and € = 8h.

Table 14 shows the second-order convergence test results
of the SAV approach for space step, with T' = 1.0e -2 and
various spatial step sizes h=2m/N, =2n/N, where
N, =N, = 8,16,32, and 64. Other parameters are fixed as
follows: N, = 2048, At = T/N,, and ¢ = n/32.

It is demonstrated that the calculated numerical ex-
periment results are appropriate benchmark problems for
verifying the convergence rates of the SAV approach for the
CH equation.

4. Conclusion

In this study, a benchmark problem is presented for the nu-
merical technique of phase-field equations. To show the ef-
fectiveness of the proposed method, two famous phase-field
equations were considered. To design an appropriate bench-
mark problem for the AC equation and the CH equation on the
one- and two-dimensional, we first performed a linear stability
analysis and then took a growth mode solution as the
benchmark problem, which is closely related to the dynamics of
the original governing equation. For each phase-field equation,
convergence tests were conducted of the numerical schemes.
The computational results confirmed the accuracy and effi-
ciency of the proposed method. The proposed method is
general; therefore, it is possible to design benchmark problems
for various phase-field equations or directly extend to higher
dimensions such as three-dimensional space.
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