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ABSTRACT

In this work, we study the gradient flow of the normalized
time-fractional Modica–Mortola (MM) functional and propose
a numerical method combining operator splitting with finite
differences, where an analytical solution is used for the nonlinear
reaction term to capture the memory effects inherent in
fractional dynamics. Numerical experiments show the effect of
thenormalized fractional order on interface evolution. The results
indicate that thenormalized time-fractionalMMfunctional allows
flexible control of interfacial dynamics through the fractional
order and provides a numerical method for simulating fractional
phase-field models.
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1. Introduction

The phase-field model is a computational approach that describes interface

evolution using continuous field variables, which avoids explicit interface

tracking by introducing a phase-field function. It is widely applied in materials

science for crystal growth [1,2] and phase transition simulations [3,4], as well as

in fluid dynamics formultiphase flows [5,6] and interface dynamics [7]. Building

on these fundamentals, recent studies continue to expand its application scope

and improve model performance.Wang et al. [8] used a phase-field multiphase-

flow model with a modified ensemble Kalman filter and adaptive ensembles to

assimilate information and improve state estimation accuracy. Lai et al. [9] used

a phase-field framework with dual-energy physics-informed topology opti-

mization to design multi-material layouts and achieved improved performance

and manufacturability. Li et al. [10] used an unconditionally stable phase-field

model for ternary systems with liquid–solid transition to capture robust multi-

component evolution without stability-induced time-step restrictions. Xia

et al. [11] used phase-field Allen–Cahn (AC) analysis on non-uniform cell sizes

to improve numerical accuracy and stability across heterogeneous meshes.

The Modica–Mortola (MM) functional provides a variational method for

phase-field models by combining gradient terms with a potential energy term.
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Unlike the classical AC equation, which is based on a double-well potential

and thus restricted to two stable phases (φ = ±1), the MM functional uses a

periodic multi-well potential, such as sin2(πφ)/ǫ, so that every integer value

of φ represents a stable phase. This enables the MM approach to naturally

capture the evolution of multiphase systems and makes it suitable for problems

involving complex phase interactions beyond binary settings. Giga et al. [12]

provided explicit representations of the Kobayashi–Warren–Carter energy and

the Gamma limit of a single-well MM functional in one dimension, estab-

lished compactness under graph convergence, and introduced a new method

of unfolding by the arc-length parameter.

Time-fractional models [13–16] introduce fractional time derivatives to cap-

ture memory effects and nonlocal dynamics, which are widely used in phase-

field modeling of phase transition processes [17–19]. Wang et al. [20] proposed

a fast finite element BiCG algorithm for the fractional Cahn–Hilliard (CH)

equation that preserves energy dissipation. The normalized time-fractional

formulation [21] introduces a fractional derivative in time that is scaled to

ensure proper normalization of the kernel, which avoids artificial damping or

amplification of the solution. Wang et al. [22] introduced a normalized time-

fractional AC model and demonstrated that normalization yields a unique

time scale and allows parameter-based control of the evolution. Lee et al. [23]

proposed a time-fractional CH formulationwith a normalized derivative, solved

via a Fourier spectral technique, and demonstrated that the approach effectively

captures phase separation dynamics and allows consistent comparison across

fractional orders. We present a time-fractional MM functional based on a

normalized derivative:
∂αφ(x, t)

∂tα
= −

π

ǫ
sin
(

2πφ(x, t)
)

+ 2ǫ1φ(x, t), (1)

n · ∇φ = 0 on ∂�, (2)

where ǫ controls the thickness of the interfacial layer, φ(x, t) denotes the order

parameter defined on x ∈ � and time t, and n represents the outward unit

normal vector on ∂�.

∂αφ(x, t)

∂tα
=

1 − α

t1−α

∫ t

0

∂φ(x, s)

∂s

ds

(t − s)α
, 0 < α < 1. (3)

This definition satisfies the normalization condition:

1 − α

t1−α

∫ t

0

ds

(t − s)α
= 1, 0 < α < 1. (4)

Equation (1) represents the gradient flow associated with theMM functional:

E(φ) :=
∫

�

[

1

ǫ
sin2(πφ) + ǫ|∇φ|2

]

dx. (5)

Here, (1/ǫ) sin2(πφ) defines the multi-well potential, as illustrated in

Figure 1.



NUMERICAL FUNCTIONAL ANALYSIS AND OPTIMIZATION 3

Figure 1. sin2(πφ) on [−1.5, 2.5].

The paper is organized as follows. In Section 2, the computational solution

algorithm is described. In Section 3, the numerical tests are presented. In

Section 4, the conclusions are given.

2. Numerical solution algorithm

Consider the computational domain� = (Lx,Rx)× (Ly,Ry) and use a uniform

cell-centered mesh with spacing h = (Rx − Lx)/Nx. The grid points are

defined by (xi, yj) =
((

i − 1
2

)

h + Lx,
(

j − 1
2

)

h + Ly
)

, for i = 1, . . . ,Nx and

j = 1, . . . ,Ny. Let φn
ij denote the numerical approximation of φ(xi, yj, tn) at the

time level tn = (n−1)1t. The normalized time-fractional derivative at t = tn+1

can be approximated as follows [24]:

∂αφ(xi, yj, tn+1)

∂tα
=

1 − α

t1−α
n+1

n
∑

p=1

∫ tp+1

tp

∂φ(xi, yj, s)

∂s

ds

(tn+1 − s)α

=
n
∑

p=1

1 − α

t1−α
n+1

∫ tp+1

tp

ds

(tn+1 − s)α





φ
p+1
ij − φ

p
ij

1t
+ O(1t)





=
n
∑

p=1

(n+1−p)1−α − (n − p)1−α

n1−α





φ
p+1
ij − φ

p
ij

1t
+ O(1t)





=
n
∑

p=1

wn
p





φ
p+1
ij − φ

p
ij

1t
+ O(1t)





= wn
n

(

φn+1
ij −φn

ij

1t
+O(1t)

)

+
n−1
∑

p=1

wn
p





φ
p+1
ij −φ

p
ij

1t
+O(1t)





= wn
n

∂φ(xi, yj, tn+1)

∂t
+

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
+ O(1t), (6)

where wn
p = [(n + 1 − p)1−α − (n − p)1−α]/n1−α and

∑n
p=1 w

n
p = 1. We

then rewrite the normalized time-fractional MM functional as the following

approximation equation:
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∂φ(xi, yj, tn+1)

∂t
= −

π sin(2π(φ(xi, yj, tn+1)))

wn
nǫ

+
2ǫ

wn
n

1φ(xi, yj, tn+1)

−
1

wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
. (7)

To solve equation (1) numerically, we apply the operator splitting method

(OSM), expressed as:

Step 1 :
∂φ(xi, yj, tn+1)

∂t
= −

π sin(2π(φ(xi, yj, tn+1)))

wn
nǫ

. (8)

Step 2 :
∂φ(xi, yj, tn+1)

∂t
=

2ǫ

wn
n

φxx(xi, yj, tn+1) −
1

2wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
.

(9)

Step 3 :
∂φ(xi, yj, tn+1)

∂t
=

2ǫ

wn
n

φyy(xi, yj, tn+1) −
1

2wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
.

(10)

For Step 1, we use an analytical solution to solve it, as follows. The detailed

derivation process can be found in [25].

φ∗
ij =

⌊

φn
ij

⌋

+
1 + sgn(φ̄n

ij − 0.5)

2
+
sgn

(

0.5 − φ̄n
ij

)

2π
cos−1







1 − e
− 4π2

wnnǫ
1t+4πInij

1 + e
− 4π2

wnnǫ
1t+4πInij






,

(11)

where

Inij =
1

4π
ln

1 − cos
(

2πφn
ij

)

1 + cos
(

2πφn
ij

) and φ̄n
ij = φn

ij −
⌊

φn
ij

⌋

.

We define sgn(x) as the sign function and ⌊x⌋ as the floor function, where
⌊x⌋ = max{m ∈ Z | m ≤ x}.

We note that, when the exact solution of the original nonlinear reaction term

is difficult to obtain, the nonlinear equation can be rewritten into a form with

a known analytical solution while keeping the main features of the original

dynamics. By using a frozen-coefficient method, the resulting equation can be

solved efficiently at each time step without solving the original nonlinear prob-

lem directly. For example, the method in [26] replaces the original nonlinear

reaction term with a locally equivalent form that has the same equilibrium

structure and similar behavior. This approach allows efficient computationwhile

preserving the accuracy of the solution.
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For Step 2, the equation is discretized by the finite difference method as

φ ∗∗
ij − φ ∗

ij

1t
= 2ǫ

φ ∗∗
i−1,j − 2φ ∗∗

ij + φ ∗∗
i+1,j

wn
nh

2
−

1

2wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
. (12)

Equation (12) can be rearranged into the form

2ǫ

h2
φ∗∗
i−1,j − (

4ǫ

h2
+

wn
n

1t
)φ∗∗

ij +
2ǫ

h2
φ∗∗
i+1,j = −

wn
n

1t
φ∗
ij +

1

2

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
.

(13)

Furthermore, equation (13) can be cast into the standard tridiagonal form

aiφ
∗∗
i−1,j + biφ

∗∗
i,j + ciφ

∗∗
i+1,j = Fi, (14)

where

ai =
2ǫ

h2
, bi = −

4ǫ

h2
−

wn
n

1t
, ci =

2ǫ

h2
, Fi = −

wn
n

1t
φ∗
ij +

1

2

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
.

(15)

We enforce the zero Neumann boundary condition in the form:

φ0j = φ1j, φNx+1j = φNxj, for j = 1, 2, . . . ,Ny. (16)

Therefore, under the zero Neumann boundary condition, the coefficients at

the boundary points are updated as

b1 = a1 + b1 = −
2ǫ

h2
−

wn
n

1t
, bNx = bNx + cNx = −

2ǫ

h2
−

wn
n

1t
.

The specific forms are as follows:


















b1 c1
a2 b2 c2

a3 b3 c3
. . .

. . .
. . .

aNx−1 bNx−1 cNx−1

aNx bNx





































φ∗∗
1

φ∗∗
2

φ∗∗
3
...

φ∗∗
Nx−1

φ∗∗
Nx



















=



















F1
F2
F3
...

FNx−1

FNx



















. (17)

Because the coefficient matrix is tridiagonal, the linear system can be solved

efficiently by the Thomas algorithm [27].

For Step 3, we solve the equation using the finite differencemethod as follows:

φ n+1
ij − φ ∗∗

ij

1t
= 2ǫ

φ n+1
i,j−1 − 2φ n+1

ij + φ n+1
i,j+1

wn
nh

2
−

1

2wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
. (18)
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Equation (18) can be rearranged into the form

2ǫ

h2
φn+1
i,j−1 −

(

4ǫ

h2
+

wn
n

1t

)

φn+1
ij +

2ǫ

h2
φn+1
i,j+1 = −

wn
n

1t
φ∗∗
ij +

1

2

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
.

(19)

Furthermore, equation (19) can be cast into the standard tridiagonal form

ajφ
n+1
i,j−1 + bjφ

n+1
i,j + cjφ

n+1
i,j+1 = Fj, (20)

where

aj=
2ǫ

h2
, bj = −

4ǫ

h2
−

wn
n

1t
, cj =

2ǫ

h2
, Fj = −

wn
n

1t
φ∗∗
ij +

1

2

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
.

(21)

The zero Neumann boundary condition is set as follows:

φi0 = φi1, φiNy+1 = φiNy , for i = 1, 2, . . . ,Nx. (22)

The coefficients at the boundary are updated as

b1 = a1 + b1 = −
2ǫ

h2
−

wn
n

1t
, bNy = bNy + cNy = −

2ǫ

h2
−

wn
n

1t
.

The specific forms are the same as those in equation (14).

3. Numerical experiments

3.1. Fitting of ǫ with respect to interface thickness

When φn = φn−1, the system reaches an equilibrium solution. In this study,

we define the numerical equilibrium solution as follows: if the error measured

in the L∞-norm satisfies ‖φn − φn−1‖∞ < tol, then the state is considered a

numerical equilibrium solution, where ‖φn − φn−1‖∞ = max
i

∣

∣φn
i − φn−1

i

∣

∣.

Here, tol is the preset tolerance, and in this study we take tol = 10−6. We

use linear interpolation to determine xl and xr that satisfy φ(xl) = 0.05 and

φ(xr) = 0.95. The interface thickness is defined as L = |xr − xl|. The points xl
and xr, as well as the interface thickness L, are illustrated in Figure 2. Under

equilibrium conditions, we fit the relationship between ǫ and the interface

thickness using a linear function, ǫα(L) = aL + b.

For different values ofα, separate fittings are performed, where a and b are the

fitting parameters.We apply the one-dimensionalMM functional for the fitting.

The domain is taken as � = (−1, 1) with Nx = 256, giving a spatial step size of

h = 2/Nx. Here, we use the time step size 1t = 0.01h2. The initial condition is

specified as:

φ(x, 0) =

{

1, x > 0

0, x ≤ 0.
(23)
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Figure 2. Schematic for interface thickness L.

Using the above algorithm, we obtain the following results.

ǫ0.1 = 0.9966L − 0.0044, ǫ0.2 = 0.9191L − 0.0043, ǫ0.3 = 0.8836L − 0.0050,

ǫ0.4 = 0.8659L − 0.0054, ǫ0.5 = 0.8537L − 0.0056, ǫ0.6 = 0.8434L − 0.0057,

ǫ0.7 = 0.8348L − 0.0057, ǫ0.8 = 0.8298L − 0.0058, ǫ0.9 = 0.8398L − 0.0063,

ǫ1.0 = 0.8861L − 0.0078.

3.2. Equilibrium test with different α

The computational domain is set as� = (−1, 1)withNx = 256, and h = 2/Nx.

Here, we use the parameter L = 20h, and the same ǫ is applied for all values of

α. We will use two types of initial conditions to verify the equilibrium solution:

φ(x, 0) =

{

1, x > 0

0, x ≤ 0,
and φ(x, 0) =

1

2
(x + 1).

Figure 3 displays the equilibrium solutions under two different initial con-

ditions, with α = 0.6, 0.8, and 1. We observe that different initial conditions

converge to the same equilibrium solution. Figure 3(d) illustrates the temporal

evolution of the L∞-norm error for three parameter values, α = 0.6, 0.8, and

1.0. All curves show a rapid decay of the error at the initial stage, followed by a

slower decrease, with slight variations among different α values.

3.3. Convergence rate

We examine the temporal convergence rate of the proposed normalized time-

fractional MM scheme using the one-dimensional layered initial state

φ(x, 0) =
1

4

[

1 − tanh

(

x + 0.6

η

)]

+
1

4

[

1 − tanh

(

x + 0.1

η

)]

+
1

4

[

1 − tanh

(

x − 0.1

η

)]

+
1

4

[

1 − tanh

(

x − 0.6

η

)]

,

where η = 0.04. The computational domain is � = (−1, 1), Nx = 32, and

h = 2/Nx. We set T = 2.0 × 10−3, 1t = 10−4, and 1tref = 1t/29 for the
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Figure 3. (a)–(c) depict the evolution of two different initial conditions with α = 0.6, 0.8, and 1 toward the same
equilibrium. (d) Evolution of the L∞-norm error over time for α = 0.6, 0.8, and 1.0, where the L∞-norm error is defined

as max
i

∣

∣

∣
φn
i

− φn−1
i

∣

∣

∣
.

Table 1. Discrete root-mean-square errors and convergence rates for the proposed method with fixed h and various
1t.

α 1t rate 1t/2 rate 1t/4 rate 1t/8

0.8 1.3238e−4 1.04 6.4448e−5 1.04 3.1396e−5 1.04 1.5281e−5
0.9 1.4894e−4 1.03 7.2844e−5 1.04 3.5548e−5 1.04 1.7299e−5
1.0 1.8781e−4 0.99 9.4286e−5 1.00 4.7101e−5 1.01 2.3401e−5

reference solution. The parameter ǫ is chosen as ǫ = ǫα(4h) according to the

fitted formulas in Section 3.1. The error is computed by the discrete root-mean-

square norm

E1t =

(

1

Nx

Nx
∑

i=1

∣

∣

∣
φ1t
i (T) − φref

i (T)

∣

∣

∣

2
)1/2

.

The temporal convergence rate is defined as log2(E1t/E1t/2). Table 1 reports

the errors and convergence rates for α = 0.8, 0.9, and 1.0. The results show that

the proposedmethod achieves approximately first-order temporal convergence.

We next test the spatial convergence for α = 0.8 using the same initial

condition. To isolate the spatial discretization error, we fix ǫ = ǫ0.8(4h), where
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Table 2. Discrete root-mean-square errors and spatial convergence rates for α = 0.8.

h error rate h/2 error rate h/4 error

3.1250e−2 1.4952e−3 2.01 1.5625e−2 3.7146e−4 2.00 7.8125e−3 9.2668e−5

h = 1/32. We set T = 2.0 × 10−3 and 1t = 10−4, and use Nx =
64, 128, . . . , 1024. Using the coarse–fine grid comparison, the error between the

numerical solutions on grids with Nx = N and Nx = 2N is computed by

EN =

(

1

N

N
∑

i=1

∣

∣

∣

∣

8i(T) −
φ2i−1(T) + φ2i(T)

2

∣

∣

∣

∣

2
)1/2

,

where8i denotes the coarse-grid solution and φi denotes the fine-grid solution.

The spatial convergence rate is defined as log2(EN/E2N). Table 2 shows that the

proposed finite-difference discretization achieves approximately second-order

spatial accuracy.

3.4. Comparisonwith Caputo derivative

The Caputo fractional derivative is one of the most commonly used definitions

in time-fractional models. It is defined as

∂βφ(x, t)

∂tβ
=

1

Ŵ(1 − β)

∫ t

0

∂φ(x, s)

∂s

ds

(t − s)β
, 0 < β < 1. (25)

In the two-dimensional computational domain� = (−1, 1)2, the discretiza-

tion is performed with Nx = Ny = 128 and a uniform spatial step size

h = 2/Nx. Unless otherwise stated, different values of ǫ are used for different

time-fractional orders, with their magnitudes taken from the results shown in

3.1.Weuse ǫ = ǫα(8h). The time step is taken as1t = 2h2. The initial condition

is specified as

φ(x, y, 0) =
1

2

[

tanh

(

0.5 −
√

x2 + y2
√
2 ǫ

)

+ 1

]

, −1 ≤ x ≤ 1, −1 ≤ y ≤ 1.

Figure 4(a) and (b) illustrate the evolution of the numerical radius over time

under the normalized and Caputo derivatives, respectively. In the normalized

case, the results are presented for α = 0.6, 0.8, and 1, while in the Caputo

case, they are shown for β = 0.6, 0.8, and 1. The numerical radius is defined

as the average distance from the center to the points on the 0.5 level contour.

Compared with the Caputo derivative, the normalized derivative model pro-

duces a smoother temporal evolution. Moreover, for different fractional orders,

the variations under the normalized model are relatively smaller, exhibiting

lower sensitivity to changes in the fractional order. This property helpsmaintain

consistency and predictability in practical computations.



10 Z. LI ET AL.

Figure 4. Comparison of the evolution of the numerical radius R(t) under the normalized (a) and caputo (b) derivatives
for different fractional orders. The normalized case is computed for α = 0.6, 0.8, and 1, while the caputo case is shown
for β = 0.6, 0.8, and 1.

To examine the energy variation in the normalized time-fractional MM

model, we also compute the discrete energy for the case α = 0.8. The com-

putational domain, mesh, and initial condition are the same as those used in

Figure 4. In this test, Nx = Ny = 128, h = 2/Nx, 1t = 2h2, and the final time

is T = 0.5. We setm = 8 and use the fitted interfacial parameter

ǫ = ǫ0.8(8h) = 0.8298(8h) − 0.0058.

The discrete energy is defined as follows:

Eh(φ
n) = h2



ǫ

Nx−1
∑

i=1

Ny
∑

j=1

(

φn
i+1,j − φn

ij

h

)2

+ ǫ

Nx
∑

i=1

Ny−1
∑

j=1

(

φn
i,j+1 − φn

ij

h

)2

+
1

ǫ

Nx
∑

i=1

Ny
∑

j=1

sin2(πφn
ij)



 . (26)

As shown in Figure 5, the discrete energy decreases monotonically with time,

which confirms the energy-dissipative nature of the normalized time-fractional

MMmodel.

3.5. Motion bymean curvature

In the domain � = (−1, 1)2, we use Nx = Ny = 128 and h = 2/Nx = 2/Ny

for the uniform spatial discretization. The initial condition φ(x, y, 0) consists
of several smooth circular interfaces of different sizes, each described by a
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Figure 5. Energy evolution of the normalized time-fractional MMmodel for α = 0.8.

hyperbolic tangent function. The initial condition is specified as follows:

φ(x, y, 0) =



































































































































1

2






tan h







0.1 −
√

(x − 1
3 )2 + (y − 0.5)2

0.02






+ 1







+
1

2






tan h







0.225 −
√

(x − 1
3 )2 + (y + 0.5)2

0.02






+ 1






, −1 ≤ x < − 1

3 , −1 ≤ y ≤ 1,

1 +
1

2

[

tan h

(

0.125 −
√

x2 + (y − 0.5)2

0.02

)

+ 1

]

+
1

2

[

tan h

(

0.2 −
√

x2 + (y + 0.5)2

0.02

)

+ 1

]

, − 1
3 ≤ x < 1

3 , −1 ≤ y ≤ 1,

2 +
1

2






tan h







0.15 −
√

(x + 1
3 )2 + (y − 0.5)2

0.02






+ 1







+
1

2






tan h







0.175 −
√

(x + 1
3 )2 + (y + 0.5)2

0.02






+ 1






, 1

3 ≤ x ≤ 1, −1 ≤ y ≤ 1.

These circular interfaces are distributed across three step-like regions

arranged along the x-direction, with the background value increasing progres-

sively fromone region to the next, thus forming a layered initial structure. Figure

6(a) illustrates the initial condition. The numbers labeled in the Figure 6(a)

indicate the sequence in which the interfaces gradually shrink and eventually

vanish over time. We use the time step 1t = 0.5h2. Here, we use ǫ = ǫα(6h).

Figure 6 shows snapshots at t = 5801t for different fractional orders α =
0.4, 0.8, 1. We adopt the numbering from Figure 6(a) to ensure consistency in

the description. In Figure 6(b) (α = 0.4), the interface labeled 5 has significantly

shrunk and almost completely vanished, leaving only a faint trace. In Figure 6(c)

(α = 0.8), the interface 5 appears wider and more pronounced compared to

Figure 6(b), while the interface 6 exhibits a slight but noticeable protrusion.

For Figure 6(d) (α = 1.0), the interface 6 remains clear and well-defined.
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Figure 6. Snapshot of initial condition (a) and snapshots at t = 5801t for different fractional orders: (b) α = 0.4, (c)

α = 0.8, and (d) α = 1.0. The time step is1t = 0.5h2 .

This difference reflects the sensitivity of the normalized time derivative to

the fractional order, indicating that smaller α values accelerate the interface

shrinkage while larger α values slow down its evolution.

On the computational domain � = (−1, 1)2, we use a uniform mesh with

Nx = Ny = 128. The time step is 1t = 0.5h2. We use ǫ = ǫα(6h). The initial

condition is given by

φ(x, y, 0) =
3
∑

k=1

1

2

[

1 + tanh

(

rk − r∗(x, y)

ε

)]

, −1 ≤ x ≤ 1, −1 ≤ y ≤ 1,

(27)

where

r∗(x, y) = r (1 + 0.3 cos(5θ)) , r =
√

x2 + y2, θ = arctan
(y

x

)

.

Here, we use the parameter values r1 = 0.6, r2 = 0.4, r3 = 0.2. Figure 7(c)

shows the initial condition, while Figure 7(d) and (e) show snapshots at t =
10001t for α = 0.4 and α = 1, respectively. Figure 7(a) displays the contours

at levels 0.5, 1.5, and 2.5 for the initial condition, corresponding to the red,

blue, and black lines, respectively. Figure 7(b) shows the contours at levels 0.5,
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Figure 7. (a) Contours for the initial condition at levels 0.5, 1.5, and 2.5, shown as red, blue, and black lines, respectively.
(b) Contours at levels 0.5, 1.5, and 2.5 for α = 0.4 and α = 1. (c) The initial condition. (d) Snapshot at t = 10001t for
α = 0.4. (e) snapshot at t = 10001t for α = 1.

1.5, and 2.5 for α = 0.4 and α = 1. From this experiment, we obtain the

same conclusion as in the previous one, namely that a smaller α accelerates the

temporal evolution. In Figure 7(b), for α = 0.4, the contour at level 0.5 has

already completely disappeared, whereas it still exists for α = 1. Moreover, the

star-shaped structure is better preserved for smaller α, while larger α leads to

smoother and more rounded contours. By observing Figure 7(d) and (e), we

can also see that the transition of the phase-field surface becomes steeper for

smaller α.

3.6. Stability test

We investigate the stability of the proposed scheme under a random initial

profile in two dimensions. The computational domain is taken as � = (0, 1)2

with Nx = Ny = 128, and the spatial step size is h = 1/Nx. We set m = 5

and use the interfacial parameter ǫ = 0.61405mh. We use the same initial

condition as in equation (27). To compare the stability behavior under different

time step sizes while keeping the same final time, we consider three cases. The

first uses a time step size of 10h2 with 50 time steps, the second uses a time

step size of h2 with 500 time steps, and the third uses a time step size of 0.1h2

with 5000 time steps. Thus all three tests have the same final time T. Figure 8

shows the random initial condition and the numerical solutions obtained with

the three choices of 1t.
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Figure 8. Stability test. (a) Initial condition. (b) Numerical solution with1t = 10h2 andNt = 50. (c) numerical solution

with1t = h
2 and Nt = 500. (d) numerical solution with1t = 0.1h2 and Nt = 5000.

3.7. Time-fractional MM functional with advection term

The governing equation with an additional advection term is given by

∂αφ(x, t)

∂tα
+ ∇ · (φ(x, t)u(x, t)) = −

π

ǫ
sin
(

2πφ(x, t)
)

+ 2ǫ1φ(x, t), (28)

where u(x, t) denotes the imposed flow field. The convection term in

equation (28) is discretized as

A
n
ij := ∇ ·

(

φn
iju

n
ij

)

=
(φn

i+1,j + φn
ij)u

n

i+1
2 ,j

− (φn
ij + φn

i−1,j)u
n

i−1
2 ,j

2h

+
(φn

i,j+1 + φn
ij)v

n

i,j+1
2

− (φn
ij + φn

i,j−1)v
n

i,j−1
2

2h
. (29)

The background swirling flow u(x, t) = (u(x, y, t), v(x, y, t)) is chosen as

u(x, y, t) = 2 sin2(πx) sin(2πy), (30)

v(x, y, t) = − 2 sin2(πy) sin(2πx). (31)

We consider the domain � = (0, 2) × (0, 1). Here, we set Nx = 256 and

Ny = 128. Then, h = 1/128 and 1t = 2h2. We use ǫ = ǫα(8h). To solve
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equation (28) numerically, we apply the OSM, expressed as:

Step 1:
∂φ(xi, yj, tn+1)

∂t
= −

π sin(2π(φ(xi, yj, tn+1)))

wn
nǫ

. (32)

Step 2:
∂φ(xi, yj, tn+1)

∂t
+

1

2wn
n

A
n
ij =

2ǫ

wn
n

φxx(xi, yj, tn+1)

−
1

2wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
. (33)

Step 3:
∂φ(xi, yj, tn+1)

∂t
+

1

2wn
n

A
n
ij =

2ǫ

wn
n

φyy(xi, yj, tn+1)

−
1

2wn
n

n−1
∑

p=1

wn
p

φ
p+1
ij − φ

p
ij

1t
. (34)

The initial condition φ(x, y, 0) is defined as follows:

φ(x, y, 0)=























1

2

[

tanh

(

0.25 −
√

(x − 0.5)2 + (y − 0.7)2

0.01
√
2

)

+1

]

, 0<x≤1,

1+
1

2

[

tanh

(

0.2 −
√

(x − 1.5)2 + (y − 0.7)2

0.01
√
2

)

+1

]

, 1<x≤2.

(35)

Figure 9 presents the time evolution of two droplets under the imposed

swirling flow field for different values of α. The contours at φ = 0.5 (red) and

φ = 1.5 (blue) are plotted at t = 2001t, 8001t, and 12001t. At the early

stage, the droplets begin to shi� and stretch under the swirling flow. The le�

droplet (red contour) gradually dri�s downward and rightward, while the right

droplet (blue contour) is displaced toward the lower-le� direction. Different α

values result in distinct evolution rates: for α = 0.6, the contour contracts more

rapidly and the droplet size decreases significantly. In contrast, for α = 0.8 and

α = 1.0, the contours retain larger areas and exhibit slower positional changes.

At the intermediate stage, the droplets are further stretched by the background

flow. The red contour shows that the le� droplet is elongated toward the right,

while the blue contour of the right droplet shrinks and shi�s le�ward. When

α = 0.6, the droplet area reduces more quickly and its displacement is more

pronounced. By comparison, for α = 0.8 and α = 1.0, the droplet maintains a

relatively larger size and evolves more slowly. At the later stage, the differences

among α values become more significant. For α = 0.6, the le� droplet (red

contour) shows substantial reduction in size and stronger displacement, while

the right droplet leaves only a small remaining contour. On the other hand, for

α = 0.8 and α = 1.0, the droplets preserve larger areas and more complete



16 Z. LI ET AL.

Figure 9. (a) The contours at the 0.5 and 1.5 levels of the initial condition, along with the background velocity field. (b),
(c), and (d) show the contours at times t = 2001t, 8001t, and 12001t, respectively, for α = 0.6, 0.8, and 1.0. The red
lines represent the 0.5 level contour, and the blue lines represent the 1.5 level contour.

contours, with slower displacement compared to the smaller α case. Overall, the

parameterα primarily influences the droplet evolution rate and the contour size.

Smallerα values (e.g.,α = 0.6) accelerate the contraction of the droplet area and

lead to faster positional shi�s, indicating a faster evolution. In contrast, larger

α values (α = 0.8, 1.0) allow the droplets to maintain larger sizes and slower

displacements, corresponding to a slower evolution rate.

4. Conclusions

In this paper, we propose a normalized time-fractional gradient flow model of

the MM functional, along with a numerical algorithm that combines operator

splitting and finite difference methods. The key feature of the proposed method

lies in the use of an analytical solution for the nonlinear reaction term, which

effectively captures thememory effects in fractional dynamics. Through numer-

ical tests, we verify the stability of the method under different initial conditions

and systematically examine the influence of the fractional order on the inter-

facial evolution process. The results demonstrate that the fractional order can

regulate interfacial dynamics. It also provides an additional degree of freedom in

modeling. Moreover, the proposed normalized time-fractional MM functional

model offers a numerical tool formultiphase simulations. Themethodmay have

broad applications in fractional phase-field models. Future work will extend the
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method to more complex geometries and three-dimensional problems. We will

also study its applications in multiphysics-coupled phase-field models.
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