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Abstract In this article, we present a mathematical model and numerical simulation of the coffee-ring effect
on porous papers. The numerical method is based on Monte Carlo simulation. The proposed model is simple
but can capture themainmechanism of coffee stain formation on porous papers. Several numerical experiments
are presented to demonstrate the performance of the proposed algorithm. We can obtain the coffee-ring effect
on porous papers as the computer simulation results.

Keywords Coffee-ring effect · Monte Carlo simulation · Computer simulation · Numerical algorithm

1 Introduction

When a droplet containing solutes evaporates on a solid substrate, the solutes deposit onto the substrate in
a coffee-ring pattern. Experimental results by Pham and Kumar have shown that substrate permeability can
inhibit coffee-ring patterns and lead to more uniform solute deposition [1]. Recently, various studies on models
and theories for the uniform deposition of nanoparticles have been conducted. Theoretical and numerical
simulations of the scaling laws of two Newtonian droplets coalescence were performed [2]. Katiyar and Singh
[3] studied molecular dynamics to understand the self-assembly of nanoparticles upon the evaporation of
nanofluid droplets on their surface. The self-assembled structure of nanoparticles is affected by several factors,
such as the size and shape of the nanoparticles, the solvent-surface, and the nanoparticle–surface interaction
strengths. Zhang et al. [4] investigated two factors, nanoparticle–liquid interaction strength and evaporation
rate, on the formation and structure of nanoparticle deposits produced after drying nanoscale droplets on a
solid surface. The model developed in [5] has demonstrated that it is possible to simulate the formation of
streaks on the surface of the interior of a container by the coffee-ring effect with the evaporation rate. Wang
and Nestler [6] proposed the numerical discretization of Cahn’s wetting transition model to study the wetting
transition and phase separation on flat substrates and porous structures. The absorption of liquids through
porous media is highly important in many scientific processes and industrial applications such as printing,
textiles, agriculture, and blood diagnostic apparatus [7]. The coffee-ring effect caused by the non-uniform
particle distribution of porous paper creates various problems in scientific processes, industrial applications,
and nanotechnology fields. Therefore, Yu et al. [8] and Oh et al. [9] presented a method for suppressing the
coffee-ring effect by uniformly distributing particles on porous paper in inkjet printing technology. Controlled
reduction of the coffee-ring effect significantly improves the profile of inkjet-printed Ag electrodes. Printing
conditions, such as drop spacing, the printing layer, and substrate temperature, can control the coffee-ring
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Fig. 1 Temporal evolution of coffee stain on a porous paper

effect, and by finding the optimal printing conditions, the coffee-ring effect is greatly reduced, improving the
profiles of inkjet-printed electrodes [10]. Park et al. [11] proposed a stable and easy simulation that modifies
various parameters to reduce the coffee-ring effect.

If coffee is spilled on porous paper, a coffee-ringmay be left behind at the boundary of the spill. Understand-
ing this phenomenon is useful for controlling material transport in porous papers [12]. In general, although
the coffee-ring effect on the stain formation at the edge of the droplet by droplet wicking is relatively well
known, the phenomenon of staining at the center of the droplet by the Marangoni flow is sometimes observed
[13]. In addition, whilst the drying of a sessile drop through evaporation can result in the development of
Marangoni flows that may counteract the radial flow associated with coffee staining, the process of drying
through capillary drainage does not have the ability to generate such flows [14]. Therefore, in this paper, we
generally ignore the Marangoni flow and consider only droplet wicking.

The coffee solution spilt on the paper can be seen in Fig. 1a. Figure1b shows the process of diffusion of
dropped coffee solution on the paper. The coffee stain that became deposit state after the diffusion phenomenon
stopped can be found in Fig. 1c. Nilghaz et al. [12] investigated the pattern of coffee stains on porous paper
and the underlying mechanism of stain formation. Stain formation on the paper can be utilized to quantify
the kinetics of antibody-red blood cell (RBC) stain formation for blood typing diagnostics [15]. The coffee-
ring effect on the distribution and transport of red blood cells in the porous cellulose fiber network has been
studied and known [16]. This investigation provides a fundamental technique for governing RBCs on porous
paper materials and designing of paper-based clinical diagnostics. In general, the structure of paper is porous,
therefore, the liquid falling on the paper spreads by droplet wicking by capillary action [15,16].

The main objective of this paper is to propose a mathematical model based on Monte Carlo simulation
(MCS) for the coffee-ring effect on porous papers and to demonstrate its performance through computational
simulations. Thus far, experimental studies have been conducted on various solid substrate conditions to
investigate methods for suppressing the coffee-ring effect. Zhang et al. [17] experimentally investigated the
evaporation and patterns of colloidal droplets on glass slide substrates with different roughness and found that
roughness affects the evaporation of droplets. He and Derby [18] considered the coffee-ring effect on Si/SiO2
substrates by inkjet printing. Cho et al. [19] demonstrated the influence of porous alumina nanostructures.
Previously, a model to comprehend the inter-particulate activities of the coffee-ring effect was lacking. A
discrete element model (particle system) was developed to investigate the coffee-ring effect, and it was found
that the internal Marangoni flow was not required for suppression of the coffee-ring effect [20]. The Brownian
motion, which represents the random motion of particles, has been used to represent the motion of particles
in particle transport devices [21] and is also used in models to investigate the onset of double-diffusion
convection in a layer of magnetic nanofluid [22]. In this paper, we use Monte Carlo simulations and Brownian
motion to represent the motion of coffee particles. Amraui et al. demonstrated that the antiperovskite ZnFe3N
presents metallic behavior according to the electronic density of state and band structure shape using ab-initio
calculation and Monte Carlo simulation in [23]. Shin et al. [24] presented a method for estimating the electron
energy spectra based on the singular value decomposition of the detector response function, and demonstrated
the method of calculating instrument response function with MCS under the penetration of charged particles.
Moha et al. simulated electron trajectories to determine the optimum combination of quantum well structure
and a node voltage using MCS in [25].
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Fig. 2 Droplet evaporation on a solid substrate with particles. Reprinted from [26] with permission from Elsevier Publishing

Fig. 3 Droplet evaporation on a solid substrate with particles Reprinted from [28] with permission from Elsevier Publishing

In this study, we present a mathematical model and perform a Monte Carlo simulation of the coffee-ring
effect on porous papers. In many studies on nanoparticles, a system of phase-field equations and Langevin
equations or a system of equations of fluid dynamics and Langevin equations are constructed to solve the
problem of the dynamics of particles in droplets on a solid substrate in three-dimensional space [26–29]. See
Figs. 2 and 3 for the computational results using numerical methods [26,28].

The coffee ring effect due to droplet evaporation on a substrate causes a coffee stain inside the initial
droplet due to the pinning boundary condition of the droplet. That is, the coffee particles inside the droplet
do not migrate outside the area of the pinned droplet. Unlike droplets on substrates, droplets on porous paper
can be absorbed into the paper, and there is no pinning boundary and particles can escape the initial droplet
region [12,16,30]. Fu et al. [30] used the volume of the fluid model to accurately track droplet deformation
and presented a pressure implicit split operator algorithm to compute the coupling of droplet pressure and
velocity. Ezzatneshan and Goharimehr [31] proposed an algorithm to predict multiphase flow properties and
interfacial dynamics influenced by the interaction between a droplet and a multi-phase substrate based on the
multiphase lattice Boltzmann method. Numerical methods for sessile droplet spreading and penetration on
porous substrates are important for investigating the physical mechanism of the spreading and imbibition of a
droplet into fibrous porous membranes. The developed numerical methods for droplets on porous substrates
focused on the interaction between droplets and porous media, therefore, they cannot observe the movement
of particles inside the droplets, or they have limitations in not being able to simulate multiple droplets because
of axisymmetry. Consequently, it was difficult to observe the coffee ring effect on a porous substrate through
numerical experiments. The coffee ringmodel presented in this paper can simulate the important characteristics
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of porous paper simply and efficiently for single and multiple droplets, enabling a more intuitive understanding
of the interparticle activity.

The contents of this paper are as follows. In Sect. 2, we describe the governing equation and numerical
solution algorithm. The computational experiments are given in Sect. 3. Finally, conclusions are presented in
Sect. 4.

2 Governing equation and numerical solution algorithm

The coffee particles move according to a random walk with a truncated standard normal distribution under
gravitational force [29]. The governing equation can be derived from the Langevin equation on the two-
dimensional domain � = (Lx , Rx ) × (Ly, Ry):

dX
dt

= α√
dt

ψ(X) on �, (1)

where X is Lagrangian variable for a particle, t is time, and α is diffusion coefficient. Here, ψ(X) =
(β1ρ cos(θ), β2ρ sin(θ)) represents random force of the Brownian particle, where ρ and θ are the random
variables. The random variable ρ has a mean of 0 and a variance of 1 in the closed interval [a, b] and θ has a
value between 0 and 2π . The weights β1 and β2 for the x-axis and y-axis are based on a biased random walk
to consider the structure of the porous paper [32].

√
dt is constructed by variance in a Wiener process for time

t . Please refer to the reference for more details [33]. The truncated normal distribution with the probability
density function f [34]:

f (ρ) = φ(ρ)


(b) − 
(a)
, for a ≤ ρ ≤ b; f = 0 otherwise. (2)

where a = −2.576, b = 2.576. a and b represent 99.7% confidence value. The parameters φ and 
 are the
standard normal distribution and the cumulative distribution function, respectively. Using the explicit Euler’s
method, we discretize Eq. (1) as

Xn+1
k,d − Xn

k,d

�t
= α√

�t
ψ(Xn

k,d), k = 1, 2, . . . , Np, (3)

where Xn
k,d is the k-th particle position at time t = n�t . Here, �t is the time step and Np is the number of

particles. The total number of particles Np for the same area physically means the droplet density, and time
step �t can be used in proportion to Np. The subscript d represents the particle status, i.e., d = 0 is dried and
d = 1 is wetted. Equation (3) can be rewritten as

Xn+1
k,d = Xn

k,d + α
√

�tψ(Xn
k,d), k = 1, 2, . . . , Np. (4)

Let us define a discrete wetted particle R-neighborhood of Xn
k,d as

NR(Xn
k,d) =

{
Xn

p,1 | | Xn
k,d − Xn

p,1 |< R, 1 ≤ p ≤ Np

}
.

In addition, #
(
NR(Xn

k,d)
)
denotes the cardinality of the set NR(Xn

k,d).

The movement of nanoparticles depends on the interaction strength, the closest distance of approach,
and the distance between two particles [3]. In addition, depending on the pore size of the porous paper, the
interaction strength of capillary actionwill change,which can increase or decrease coffee stains [14]. Therefore,
the proposed algorithm repeats the below two steps until all particles become a dry state.

• State update: If there are not enough wetted particles in the R1-neighborhood ofXn
k,1, i.e., #

(
NR1(X

n
k,1)

)
≤

M1, then Xn
k,1 becomes a dried particle X∗

k,0; otherwise it remains as a wetted particle, X∗
k,1 = Xn

k,1.
Here, M1 and R1 are status parameters representing the degree of drying of water droplets by evaporation
and the degree of absorption by capillarity of porous paper, respectively. If the value of M1 is large, the
particle evaporates and dries quickly. If the value of R1 is small, the capillary action strength, which
represents the interaction with the paper, is strong, resulting in fast permeation
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Fig. 4 Schematic illustration of the proposed algorithm

• Move or stay: If there are enough wetted particles in the R2-neighborhood of X∗
k,d , i.e., #

(
NR2(X

∗
k,d)

)
≥

M2, then X∗
k,d moves next time according to Eq. (4), Xn+1

k,d = X∗
k,d + α

√
�tψ(X∗

k,d); otherwise it stays,

Xn+1
k,d = X∗

k,d .

Here, M2 and R2 are the movement parameters for interaction strength and closest distance of approach
that will cause the wet particle to move, respectively. The smaller the value of M2, the fewer wet particles
are required for the movement interaction, and the higher the value of R1, the wider the closest distance of
approach that can interact with the particle, allowing more particles to move (Fig. 4).

3 Computational experiments

In this section,we perform several numerical simulations using the proposed algorithmwith different parameter
values to observe the coffee-ring effect on porous papers.

3.1 Convergence test

To observe the effect of time step, temporal evolution is observed for each time step�t = 0.8, 0.4, 0.2 and 0.1.
Figure5 shows the computational results with different time step size at t = 256. The parameters are used as
following: R1 = 0.3, R2 = 0.06,�t = 0.1, α = 0.2, β1 = 1, β2 = 1, Np = 5000, M1 = 5 and M2 = 1. The
initial position of X0

k,1 for k = 1, . . . , Np are randomly distributed in a circle centered at (0, 0) and r = 0.5.
The computational result converges as we refine the time step. Thus, we use the time step �t as 0.1.

3.2 Effect of the state criteria M1

We perform numerical experiments to observe the effect of the coffee-ring on the state criterion value M1,
which is required to update the state of the particle. The parameters for the numerical simulation are: R1 =
0.3, R2 = 0.06,�t = 0.1, α = 0.2, β1 = 1, β2 = 1, Np = 5000, and M2 = 1. The initial position of the
particle X0

k,1 for k = 1, . . . , Np are randomly distributed in a circle with a center of (0, 0) and a radius of
0.5. We use a fixed movement criterion value M2 = 1, such that all wetted particles are always moving. The
numerical experiments are performed until the particles are in equilibrium when M1 = 5.

Figure6a, b shows the temporal evolution of the coffee-ring effect for different M1 = 2 and 5, respectively.
From left to right, times are at t = 0, 250�t, 500�t , and 1863�t . Here, the last time 1863�t is the time at
which all particles are dry and in equilibrium when M1 = 5. In the case of M1 = 5, if the number of wetted
particles in the R1-neighborhood of wetted particle X∗

k,1 for k = 1, . . . , Np is 5 or less, it is changed to dried
particle X∗

k,0. Therefore, it is difficult to maintain the state of the wetted particles. Because the number of
wetted particles in R1-neighborhood which require the state of the wetted particles is relatively larger than that
in the case of M1 = 2. Comparing the effect of the state criterion value M1 at t = 250�t , we observed that
wet particles changed to dried particles relatively quickly when M1 = 5 compared to when M1 = 2. In the
case of M1 = 2 at time t = 1863, contrary to the equilibrium state observed when M1 = 5, wet particles still
existed and the particles were diffusing.
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Fig. 5 The first row is the computational results with different time step size �t at t = 256. The second row is histogram of the
number of particles at t = 256

Fig. 6 Temporal evolution of coffee-ring pattern formation with different M1 values: a M1 = 2, b M1 = 5. Here, M2 = 1 is
used



Monte Carlo simulation of the coffee-ring effect 633

Fig. 7 Temporal evolution of coffee-ring pattern formation with different ψ(X) values: a ψ(X) = (ρ cos(θ), 0.7ρ sin(θ)), b
ψ(X) = (ρ cos(θ), 0.5ρ sin(θ)), and c ψ(X) = (ρ cos(θ), 0.3ρ sin(θ))

3.3 Effect of the paper structure

We perform numerical simulations to observe the effect of paper structure on the coffee-ring effect. The
proposed algorithm presents the coffee-ring effect by droplet wicking on porous paper. The coffee droplet is
absorbed along the direction of the fiber of the porous paper and the coffee-ring effect appears. Therefore,
the coffee-ring effect may appear in different shapes depending on the characteristics of the fibers of the
porous paper that meet the droplets. The initial position of the particles X0

k,1 for k = 1, . . . , Np are randomly
distributed in a circle with a center of (0, 0) and a radius of 0.5. The initial parameters are R1 = 0.3, R2 =
0.06,�t = 0.1, α = 0.2, β1 = 1, Np = 5000, M1 = 5, M2 = 1, and different parameters β2 = 0.7, 0.5, 0.3.

Figure7a–c illustrates the numerical simulation results by varying ψ(X) = (ρ cos(θ), β2ρ sin(θ)) of the
algorithm to observe the coffee-ring effect by droplet wicking on porous paper, where β2 is proportional to the
vertical capillary action of the porous paper. Here, the last time 2634�t is the time at which all particles are
dry and in equilibrium when β2 = 0.7. We can observe that the coffee-ring effect is formed in a horizontally
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Fig. 8 The temporal evolution of coffee-ring pattern formation when the first droplet and second droplet with different center
points (c1, c2) fall at the same time. a c1 = 1, c2 = 1, b c1 = 2, c2 = 2, and c c1 = 3, c2 = 3

Fig. 9 Temporal evolution of coffee-ring pattern formation for when new droplet with different center points (c1, c2) is dropped
before all particles of the first droplet are dried. a c1 = 1, c2 = 0, b c1 = 3, c2 = 0, and c c1 = 4, c2 = 0
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Fig. 10 Temporal evolution of coffee-ring pattern formation for when new droplet with different center points (c1, c2) is dropped
after all particles of the first droplet are dried. a c1 = 1, c2 = 0, b c1 = 3, c2 = 0, and c c1 = 4, c2 = 0

long elliptical pattern. When β2 is less than 1, the horizontal droplet wicking in the porous paper was greater
than the vertical droplet wicking.

3.4 Multi-droplets

The coffee-ring effect in the porous paper is that even if all the particles of one droplet are dried and are
in equilibrium, when a new droplet is dropped on it, the dried particles can be moved by the wet particles.
Therefore, we perform the coffee-ring effect for multi-droplets. For numerical simulation, the initial position
of particles X0

k,1, k = 1, . . . , Np for the first droplet are randomly distributed in a circle with a center of

(0, 0) and a radius of r , and initial position of particles X̂0
k̂,1

, k̂ = 1, . . . , N̂p for second droplet are randomly

distributed in a circle with a center of (c1, c2) and a radius of r̂ . Unless otherwise, we use the parameters
R1 = 0.3, R2 = 0.06,�t = 0.1, α = 0.2, β1 = 1, β2 = 1, M1 = 5, M2 = 1.

First, we perform a computational simulation to observe the coffee-ring effect when two drops fall at
the same time. The considered parameters are Np = 4000, N̂p = 4000, different center points (c1, c2) =
(1, 1), (2, 2), (3, 3) of second droplet, r = 0.4 and r̂ = 0.4. Here, the last time 1645�t is the time at which all
particles are dried and in equilibrium state when c1 = 3, c2 = 3. Figure8a–c shows the particle diffusion of
two droplets over the time for different center points (1, 1), (2, 2), (3, 3) of the second droplet, respectively.

Second, we perform the computational experiments to observe the coffee-ring effect caused by dropping
the new droplet before all particles of the first droplet are dried. We use the case of M1 = 5 at t = 500�t ,
which is one of the numerical experimental results at Sec. 3.2, as the initial condition of the first droplet. This
is the result in Fig. 6b when t = 500�t . The used parameters are: Np = 5000, N̂p = 4000, different center
points (c1, c2) = (1, 0), (3, 0), (4, 0) of second droplet, r = 0.5, and r̂ = 0.4. Here, the last time 1872�t
is the time at which all particles are dried and in equilibrium state when c1 = 4, c2 = 0. Figure9 shows the
coffee-ring pattern formation for when new droplet with different center points (c1, c2) is dropped before all
particles of the first droplet are dried. We observed that the wetted particles of the first droplet interacted with
the wetted particles of the second droplet to diffuse and there was no boundary between the different droplets.

Third, numerical simulation is performed to observe the coffee-ring effect when a new droplet falls after all
particles of the first droplet are dried. We use the case of M1 = 5 at t = 1863�t , which is one of the numerical
experimental results at Sec. 3.2, as the initial condition of the first droplet. This is the numerical result in
Fig. 6b when t = 1863�t . Thus, all particles of the first droplet are dried. However, even if all of the particles
are dried, they can move if new droplets fall and wetted particles are formed. For numerical simulation, we
used parameters that are Np = 5000, N̂p = 4000, different center points (c1, c2) = (1, 0), (3, 0), (4, 0) of
second droplet, r = 0.5, and r̂ = 0.4. Here, the last time 1625�t is the time at which all particles are dried
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and in equilibrium state when c1 = 4, c2 = 0. In Fig. 10, we can observe the movement of dried particles by
the wetted particles of new droplets after all particles of the first droplet are dried, and the coffee-ring pattern
formation accordingly. In the coffee-ring pattern formed, the boundary between the first droplet and the second
droplet is clearly observed, unlike the results of the second simulation shown in Fig. 9. In addition, comparing
the last time t of the second and third simulations, the drying time of all particles was faster when the second
droplet fell after all the particles of the first droplet were dried.

4 Conclusions

In this study, we presented a mathematical model and numerical simulation of the coffee-ring effect on porous
papers usingMonte Carlo simulation. The proposed model is very simple but can capture the main mechanism
for coffee stain formation by dropletwicking on a porous paper. In the numerical experiments,we can confirmed
the performance of the proposed algorithm for coffee-ring formation by droplet wicking on a porous paper.
In addition, we presented the multi-droplet effect by various numerical experiments. Here, we consider the
difference in time and distance for each droplet. In future research work, we plan to further investigate the
effect of the anisotropic fiber network of porous papers. Furthermore, it is difficult to fit the physical parameters
in numerical simulation without a real experiment. Therefore, we consider checking physical parameters and
fitting for numerical simulation with a real experiment as future work.
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