
Accurate and Efficient Finite Difference Method
for the Black–Scholes Model with No Far-Field Boundary
Conditions

Chaeyoung Lee1 • Soobin Kwak1 • Youngjin Hwang1 • Junseok Kim1

Accepted: 31 January 2022 / Published online: 17 February 2022
� The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2022

Abstract
A fast and accurate explicit finite difference scheme for theBlack–Scholes (BS)model

with no far-field boundary conditions is proposed. The BS equation has been used to

model the pricing of European options. The proposed numerical solution algorithm

does not require far-field boundary conditions. Instead, the computational domain is

progressively reduced one by one as the time iteration increases. A Saul’yev-type

scheme for temporal discretization and non-uniform grids for the underlying asset

variables are used. Because the scheme is stable, practically sufficiently large time

steps can be applied. The main advantages of the proposed method are its speed,

simplicity, and efficiency because it uses a stable explicit numerical scheme without

using far-field boundary conditions. In particular, the proposed method is suitable for

nonlinear boundary profiles such as power options because it does not require far-field

boundary conditions. To validate the speed and efficiency of the proposed scheme,

standard computational tests are performed. The computational test results confirmed

the superior performance of the proposed method.
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1 Introduction

Options are popular financial instruments that can be applied to both investment

decisions and risk management. An option contract is a derivatives contract between a

holder and an underwriter, which grants its holder the right to buy (call option) or sell

(put option) an underlying asset at a strike price at a fixed maturity date (Lyu et al.,

2021; Sosa-Correa et al., 2018). One of the option pricingmodels is the Black–Scholes

(BS) equation (Black and Scholes 1973). Let u(S, t) be the option value of the

underlying asset S at time t. In this study, a fast and stable explicit numerical scheme is

presented for the following BS equation without far-field boundary conditions:

ouðS; tÞ
ot

¼ � 1

2
r2S2

o2uðS; tÞ
oS2

� rS
ouðS; tÞ

oS
þ ruðS; tÞ; for S[ 0; 0� t\T ð1Þ

with the payoff function u(S, T). Here, r is the volatility, r is the interest rate, and T
is the expiry date (Black and Scholes 1973). For example, for a standard European

call option, the payoff function is given by uðS; TÞ ¼ maxðS� K; 0Þ, where K is the

strike price. A European call option is a financial contract between the buyer and

seller. The buyer of the European call option has the right to buy an agreed quantity

of the underlying asset from the seller of the option at the expiration date T for the

strike price K. The buyer pays a premium u(S, 0) at the current time for this right,

and the value u(S, 0) can be obtained by solving the BS Eq. (1).

The classical BS equation can be derived from the stochastic differential

equations (Sauer, 2013). In general, the option value u depends on the strike price K,
volatility r, interest rate r, current underlying asset price S, and expiry time T. In
this study, for simplicity, K, r, r, and T are assumed as the given constant

parameters. Note that our proposed numerical method can be applied to generalized

BS equations with general volatility rðS; tÞ and interest rate r(S, t).
Several studies have solved the BS equation using the finite difference method

(FDM) (Abdi-Mazraeh et al., 2020; Koffi & Tambue, 2020; Golbabai et al., 2019).

When solving Eq. (1) using the FDM, the solution is approximated on a truncated

domain and the appropriate boundary conditions are necessary (Anwar & Andallah,

2018; Roul & Goura, 2020, 2020). For example, Dirichlet, linear, and partial

differential equation (PDE) boundary conditions were used (Jeong et al. 2015;

Koleva and Vulkov 2017; Roul and Goura 2020). Kangro and Nicolaides derived

pointwise error bounds caused by the boundary conditions, and the error estimates

can be applied to compute a priori a suitable position for the far-field boundary

condition (Kangro and Nicolaides 2000). The linear boundary condition is one of

the most frequently used boundary conditions and assumes that the second

derivative of the derivative security value is zero. Rigorous studies on the stability

of the linear boundary condition of the FDM for the BS equation have been

conducted (Windcliff et al., 2004). Choi et al. (2015) developed a hybrid method

using a payoff-consistent extrapolation based on the payoff function. In addition,

Jeong et al. (2019) proposed a Monte Carlo boundary condition that applies a far-

field boundary value computed from a Monte Carlo simulation (MCS).
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However, if the payoff function is nonlinear, it is difficult to apply the above

boundary conditions. A computational scheme was recently presented for the BS

model without boundary conditions (Jeong et al., 2018). The explicit scheme demands

a strict condition for stability (Kim & Lee, 2018), where the authors used an explicit

Euler’s method with a time-step constraint. Because of the time-step constraint,

sufficiently small time steps have to be used for the stability of the method.

The main purpose of this study is to propose a practically stable numerical

method for the BS equation without far-field boundary conditions based on a

Saul’yev-type scheme to overcome the time-step restriction (Saul’Yev, 1964). It is

simple to implement the governing equation because the proposed method is an

explicit scheme. Furthermore, relatively large time steps can be used because of the

stable numerical scheme, which alleviates the strict time-step constraint of the

existing explicit scheme. A fast and stable explicit numerical method are also

presented for two-dimensional BS equations.

The remainder of this paper is organized as follows. Section 2 gives the proposed

computational method without far-field boundary conditions. Section 3 presents the

results of the computational experiments. Section 5 provides concluding remarks. In

the Appendix, the computer program codes are given for interested readers.

2 Numerical Solution

In this section, a detailed description of the numerical method is provided to find the

approximate solutions of the BS equation with one or two underlying assets.

2.1 One-Dimensional Black–Scholes Equation

Let s ¼ T � t and x ¼ S, Eq. (1) then becomes

ou

os
¼ 1

2
ðrxÞ2 o

2u

ox2
þ rx

ou

ox
� ru; for x[ 0; 0\s� T ð2Þ

with u(x, 0) (Dubey et al. 2019; Farnoosh et al. 2016). The BS model is discretized

on a non-uniform grid (Hanh and Thanh 2019; Lyu et al. 2021; Soleymani and

Akgül 2019). The non-uniform mesh consists of xiþ1 ¼ xi þ hi for i ¼ 0; . . .;Nx � 1;
where x0 ¼ 0 and hi is the non-uniform step size and Nx is a positive integer, as

shown in Fig. 1.

Let uni be an approximation of the analytic solution uðxi; nDsÞ. Here, Ds ¼ T=Ns

is a temporal step and Ns is a positive integer. The Saul’yev-type explicit method

(Saul’Yev, 1964) is applied to Eq. (2):

Fig. 1 Schematic of the computational discrete domain
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unþ1
i � uni
Ds

¼r2x2i
ðuniþ1 � uni Þ
ðhi�1 þ hiÞhi

� ðunþ1
i � unþ1

i�1 Þ
ðhi�1 þ hiÞhi�1

� �

þ rxi
hi�1ðuniþ1 � uni Þ
ðhi�1 þ hiÞhi

þ hiðunþ1
i � unþ1

i�1 Þ
hi�1ðhi�1 þ hiÞ

� �
� r

2
ðuni þ unþ1

i Þ:
ð3Þ

Eq. (3) can be rewritten in the explicit form as follows:

unþ1
i ¼

"
uni
Ds

þ r2x2i
ðuniþ1 � uni Þ
hiðhi�1 þ hiÞ

þ unþ1
i�1

hi�1ðhi�1 þ hiÞ

� �

þ rxi
hi�1ðuniþ1 � uni Þ
hiðhi�1 þ hiÞ

� hiu
nþ1
i�1

hi�1ðhi�1 þ hiÞ

� �
� r

2
uni

#,
fac;

where fac ¼ 1

Ds
þ r2x2i � rxihi
hi�1ðhi�1 þ hiÞ

þ r

2
:

ð4Þ

A technique is adopted in which one grid point is dropped from the far-field

boundary point after one time step is updated. In option pricing problems, people are

interested in the solutions neighboring the current underlying asset price to compute

the option price and its Greeks. For example, let xj be the current underlying asset

price for some j. Assume that our goal is to compute uNs
j�1, u

Ns
j , and uNs

jþ1. This is then

defined as Nx ¼ Ns þ jþ 1; thus, the numerical solutions after Ns time step itera-

tions, uNs
j�1, u

Ns
j , and uNs

jþ1, can be obtained. For European call option pricing, the

main algorithm is as follows: The left-end boundary point value is fixed as un0 ¼ 0

for all n, and Eq. (4) is solved for n ¼ 0; . . .;Ns � 1 by dropping the far-field

boundary grid point after each time step update. That is, in the first time-step update,

Eq. (4) is solved for i ¼ 1; . . .;Nx � 1. In the second step, Eq. (4) is solved on

i ¼ 1; . . .;Nx � 2. In the last time step, Eq. (4) is solved on i ¼ 1; . . .; jþ 1.

Therefore, the far-field boundary condition is not required because the mesh points

are reduced one by one (Jeong et al. 2018). Figure 2 displays a graphical repre-

sentation of the reducing grids.

Compared to the previous algorithm (Jeong et al., 2018), the proposed algorithm

is much simpler and faster because the new method uses a stable finite difference

scheme that allows larger time steps.

Fig. 2 Schematic illustration of the reducing grids
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2.2 Two-dimensional Black–Scholes Equation

Let us consider a two-dimensional (2D) version of the BS equation (Khodayari &

Ranjbar, 2019):

ou

os
¼ 1

2
r2xx

2 o
2u

ox2
þ qrxryxy

o2u

oxy
þ 1

2
r2yy

2 o
2u

oy2
þ rx

ou

ox
þ ry

ou

oy
� ru;

for x; y[ 0; 0\s� T

ð5Þ

with an initial condition u(x, y, 0) (Dubey et al., 2019; Farnoosh et al., 2016). The

2D BS model is discretized on a non-uniform grid (Hanh & Thanh, 2019; Lyu et al.,

2021; Soleymani & Akgül, 2019). The non-uniform mesh consists of xiþ1 ¼ xi þ hxi
and yjþ1 ¼ yj þ hyj for i ¼ 0; . . .;Nx � 1, j ¼ 0; . . .;Ny � 1; where x0 ¼ 0; y0 ¼ 0

and hxi ; h
y
j are the non-uniform step sizes and Nx;Ny are positive integers, as shown

in Fig. 3.

Let unij be an approximation of the analytic solution uðxi; yj; nDsÞ. The Saul’yev-

type explicit method (Saul’Yev, 1964) is applied to Eq. (5):

Fig. 3 Schematic of 2D computational discrete domains
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unþ1
ij � unij
Ds

¼r2xx
2
i

ðuniþ1;j � unijÞ
ðhxi�1 þ hxi Þhxi

�
ðunþ1

ij � unþ1
i�1;jÞ

ðhxi�1 þ hxi Þhxi�1

 !

þ qrxryxiyj
uniþ1;jþ1 � uniþ1;j � uni;jþ1 þ unij

hxi h
y
j

 !

þ r2yy
2
j

ðuni;jþ1 � unijÞ
ðhyj�1 þ hyj Þh

y
j

�
ðunþ1

ij � unþ1
i;j�1Þ

ðhyj�1 þ hyj Þh
y
j�1

 !

þ rxi
hxi�1ðuniþ1;j � unijÞ
ðhxi�1 þ hxi Þhxi

þ
hxi ðunþ1

ij � unþ1
i�1;jÞ

hxi�1ðhxi�1 þ hxi Þ

 !

þ ryj
hyj�1ðuni;jþ1 � unijÞ
ðhyj�1 þ hyj Þh

y
j

þ
hyj ðunþ1

ij � unþ1
i;j�1Þ

hyj�1ðh
y
j�1 þ hyj Þ

 !

� r

2
ðunij þ unþ1

ij Þ:

ð6Þ

Eq. (6) can be rewritten in the explicit form as follows:

Fig. 4 Schematic of the
ordering used in updating the
numerical solutions
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unþ1
ij ¼

"
unij
Ds

þ r2xx
2
i

ðuniþ1;j � unijÞ
hxi ðhxi�1 þ hxi Þ

þ
unþ1
i�1;j

hxi�1ðhxi�1 þ hxi Þ

 !

þ qrxryxiyj
uniþ1;jþ1 � uniþ1;j � uni;jþ1 þ unij

hxi h
y
j

 !

þ r2yy
2
j

ðuni;jþ1 � unijÞ
hyj ðh

y
j�1 þ hyj Þ

þ
unþ1
i;j�1

hyj�1ðh
y
j�1 þ hyj Þ

 !

þ rxi
hxi�1ðuniþ1;j � unijÞ
hxi ðhxi�1 þ hxi Þ

�
hxi u

nþ1
i�1;j

hxi�1ðhxi�1 þ hxi Þ

 !

þ ryj
hyj�1ðuni;jþ1 � unijÞ
hyj ðh

y
j�1 þ hyj Þ

�
hyj u

nþ1
i;j�1

hyj�1ðh
y
j�1 þ hyj Þ

 !
� r

2
unij

#,
fac;

where fac ¼ 1

Ds
þ r2xx

2
i � rxih

x
i

hxi�1ðhxi�1 þ hxi Þ
þ

r2yy
2
j � ryjh

y
j

hyj�1ðh
y
j�1 þ hyj Þ

þ r

2
:

ð7Þ

Eq. (7) can be calculated inside two nested for-loops, as shown in Fig. 4 for the

direction of the loop.

Table 1 Relative errors of the one-asset European call option price at x ¼ 100 with r ¼ 0:03, r ¼ 0:3,
and T ¼ 0:1

Ns 200 400 800 1600 3200

h ¼ 2 5.5666e-03 5.4658e-03 5.4185e-03 5.3956e-03 5.3843e-03

h ¼ 1 1.7604e-03 1.5308e-03 1.4286e-03 1.3806e-03 1.3574e-03

h ¼ 0:5 1.3221e-03 7.6034e-04 5.2994e-04 4.2735e-04 3.7920e-04

The exact value is 3.929276040140451

500 1000 1500 2000 2500 3000
0

1

2

3

4

5

6

7
10-3

Fig. 5 Plot of relative errors with respect to the number of time steps (Ns). Here, h ¼ 2; 1, and 0.5 are
used
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3 Numerical Tests

To confirm the efficiency of the proposed method, computational tests, such as on

the pricing of European call and powered options, are performed. All tests are

performed on an Intel Core i7-10700 CPU at 2.90 GHz with 16 GB RAM using

MATLAB R2020b software.

3.1 One-Asset Options

3.1.1 European Call Option

Let us consider a European call option as the first test. Let uðx; 0Þ ¼ max ðx�
K; 0Þ be the initial condition with a strike price of K ¼ 100. Let us define

the uniform grids with mesh grid sizes of h ¼ 1; 0:5; 0:25; 0:125, that is,

Xh ¼ fxijxi ¼ hi; for i ¼ 0; . . .; 100=hþ Nsg. Therefore, after Ns time-step itera-

tions, the numerical solution at x ¼ 100 can be obtained. The time-step size

Ds ¼ T=Ns, r ¼ 0:03, r ¼ 0:3, and T ¼ 0:1 are used. The analytic solution of the

European call option (Feng et al., 2020) is

uðx; sÞ ¼ xNðd1Þ � Ke�rsNðd2Þ;
d1 ¼ ln x=Kð Þ þ r þ 0:5r2

� �
s

� �
=ðr

ffiffiffi
s

p
Þ; d2 ¼ d1 � r

ffiffiffi
s

p
;

where N(d) denotes the cumulative distribution function (Black & Scholes, 1973;

Ma et al., 2019):

NðdÞ ¼ 1ffiffiffiffiffiffi
2p

p
Z d

�1
expð�0:5x2Þdx:

Table 1 lists the relative errors of the European call option price at x ¼ 100 with

r ¼ 0:03, r ¼ 0:3, and T ¼ 0:1. Here, the relative error is defined as

juð100; TÞ � uNs
100=hj=uð100; TÞ.

Table 2 Relative errors and convergence rates at x ¼ 100 with respect to the time-step sizes

Ns 400 Rates 800 Rates 1600

Relative errors 2.0919e-03 1.07 9.9837e-04 0.97 5.1090e-04

Table 3 Relative errors and convergence rates at x ¼ 100 with respect to the mesh grid sizes

h 2 Rates 1 Rates 0.5

Relative errors 2.8645e-02 2.05 6.9118e-03 1.98 1.7494e-03
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Figure 5 displays the relative errors of the computational results with various

spatial and time step sizes. It can be seen that the convergence of the option prices

as the time step size, Ds ¼ T=Ns, is refined.

Convergence tests for the proposed scheme are conducted with respect to Ns and

h. The parameters not mentioned are set to the same values as in the previous test.

Note that the relative error when using h and Ns is called eNs
h . First, let us consider a

test with a progressively smaller time-step size of Ds. The parameters h ¼ 1 and

T ¼ 0:5 are fixed on the domain Xh ¼ ð0; 900:5Þ. The convergence rate according

to the time-step size is defined as log2 eNs
h =e2Ns

h

� �
. Table 2 lists the relative errors and

convergence rates at x ¼ 100 with increasingly larger Ns. As expected from the

temporal discretization of the BS equation, the first-order convergence rate is

observed.

Next, a convergence test is conducted as the mesh grid size h becomes finer. The

parameters Ns ¼ 800 and T ¼ 0:02 are fixed on the domain Xh ¼ ð0; 1702Þ. The
convergence rate according to the mesh grid size is defined as log2 eNs

h =eNs
h=2

� �
.

Table 3 lists the relative errors and convergence rates at x ¼ 100 with an

increasingly smaller h. It is seen that the second-order convergence rate of the

underlying asset variable.

3.1.2 Powered Option

Next, let us consider the pricing of a powered option. The payoff is defined as

uðx; 0Þ ¼ maxðx� K; 0Þp, where p is the power (Haug, 2007). Here, p ¼ 2 and

Table 4 Relative errors of the powered option price at x ¼ 100 with r ¼ 0:03, r ¼ 0:3, and T ¼ 0:1. The
exact value is 51.08399700557311

Ns 200 400 800 1600 3200

h ¼ 2 1.1540e-02 5.8411e-03 2.9855e-03 1.5562e-03 8.4120e-04

h ¼ 1 2.2865e-02 1.1480e-02 5.7633e-03 2.8991e-03 1.4656e-03

h ¼ 0:5 4.5453e-02 2.2858e-02 1.1465e-02 5.7442e-03 2.8780e-03

500 1000 1500 2000 2500 3000
0

0.01

0.02

0.03

0.04

0.05

Fig. 6 Convergence of the relative errors of the computational results for a powered option with respect
to the number of time steps Ns. Here, h ¼ 2; 1, and 0.5 are used
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K ¼ 100 are used. Let us define the uniform grids with mesh grid sizes

h ¼ 1; 0:5; 0:25, that is, Xh ¼ fxijxi ¼ hi; for i ¼ 0; . . .; 100=hþ Nsg. Therefore,

after Ns time-step iterations, the numerical solution can be obtained at x ¼ 100. The

time-step size is Ds ¼ T=Ns. Table 4 lists the relative errors of the powered option

prices. The analytic solution of the powered option is

uðx; sÞ ¼
Xp
q¼0

p!

q!ðp� qÞ! x
p�qð�KÞqeðp�q�1Þðrþ0:5ðp�qÞr2ÞsNðdp;qÞ; ð8Þ

where dp;q ¼ ½lnðx=KÞ þ ðr þ ðp� q� 0:5Þr2Þs�=ðr
ffiffiffi
s

p
Þ (Zhang, 1998). From the

table, it is observed that the relative errors converge as the time steps are reduced.

Fig. 7 Temporal evolution of numerical solutions and computational grids

Table 5 Relative errors in the two-asset European call option price at x ¼ 100 and y ¼ 100 with

r ¼ 0:015, rx ¼ 0:3, ry ¼ 0:3, q ¼ 0:3, and T ¼ 0:1. The exact value is 6.191151814151041

Ns 100 200 400 800 1600

h ¼ 2 1.3034e-02 1.2750e-02 1.2615e-02 1.2550e-02 1.2518e-02

h ¼ 1 5.9192e-03 5.3653e-03 5.1199e-03 5.0051e-03 4.9497e-03

h ¼ 0:5 4.2623e-03 2.9885e-03 2.4797e-03 2.2572e-03 2.1540e-03
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Figure 5 displays the convergence of the relative errors of the computational

results with various time-step sizes.

3.2 Two-Asset European Call Option

Let uðx; y; 0Þ ¼ max½maxðx; yÞ � K; 0� be the initial condition with a strike price of

K. Figures 7(a)–(d) show the option prices at s ¼ 0; 0:04; 0:07; and 0.1, respectively.
Here, the following parameters are used: rx ¼ ry ¼ 0:3; r ¼ 0:015; q ¼ 0:3;

K ¼ 100; ds ¼ 5e-3, and h ¼ hx ¼ hy ¼ 4 on the computational domain

Xh ¼ ð0; 184Þ2.
Let us define the uniform grids Xhx;hy ¼ Xhx � Xhy with mesh grid sizes

h ¼ 2; 1; 0:5, where Xhx ¼ fxijxi ¼ hi; for i ¼ 0; . . .; 100=hþ Nsg and

Xhy ¼ fyijyi ¼ hi; for i ¼ 0; . . .; 100=hþ Nsg. Therefore, after Ns time-step itera-

tions, the numerical solution at x ¼ 100 and y ¼ 100 can be obtained. A time-step

size of Ds ¼ T=Ns, r ¼ 0:015, rx ¼ 0:3, ry ¼ 0:3, q ¼ 0:3, and T ¼ 0:1 are used.

The analytic solution of the European call option (Haug, 2007; Heo et al., 2019) is

as follows:

uðx; y; TÞ ¼xMðd1; d; q1Þ þ yMðd2;�d þ r
ffiffiffiffi
T

p
; q2Þ

� Xe�rT ½1�Mð�d1 þ r1
ffiffiffiffi
T

p
;�d2 þ r2

ffiffiffiffi
T

p
; qÞ�;

where d ¼ ln ðx=yÞþ0:5r2T
r
ffiffiffi
T

p , d1 ¼ ln ðx=XÞþðrþ0:5r2
1
ÞT

r1
ffiffiffi
T

p , d2 ¼ ln ðy=XÞþðrþ0:5r2
2
ÞT

r2
ffiffiffi
T

p ,

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21 þ r22 � 2qr1r2

p
, q1 ¼ ðr1 � qr2Þ=r, q2 ¼ ðr2 � qr1Þ=r, and

Mðm; n; qÞ is the standard cumulative normal distribution function:

Mðm; n;qÞ ¼ 1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
Z m

�1

Z n

�1
e
�n2�2qngþg2

2ð1�q2Þ dn dg:

Table 5 lists the relative errors of the two-asset European call option price at

x ¼ 100 and y ¼ 100 with K ¼ 100, r ¼ 0:015, rx ¼ 0:3, ry ¼ 0:3, q ¼ 0:3, and
T ¼ 0:1. Here, the relative error is defined as follows:

Fig. 8 Plot of the relative errors with respect to the number of time steps, Ns. Here, h ¼ 2; 1, and 0.5 are
used
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Rerr ¼ uð100; TÞ � uNs
100=h

			 			.uð100; TÞ:
Figure 8 displays the relative errors shown in Table 5. From the results in the

table and figure, it is confirmed that the relative errors converge as the time and

space step sizes decrease.

3.3 Comparison Test

To verify the computational efficiency, our proposed scheme is compared with that

of previous study (Heo et al. 2019). For the test, a two-asset European call option

price is considered at x ¼ 100 and y ¼ 100 with r ¼ 0:03, rx ¼ 0:3, ry ¼ 0:3,

q ¼ 0:5, h ¼ 1, and T ¼ 0:1. Here, the exact value is 5.93087774227051. Table 6

lists the numerical option prices, relative errors, Ns, and CPU times. Here, the CPU

times are averaged over 10 trials and represented in seconds. It is observed that the

proposed scheme is approximately 40 times faster than the previous scheme with a

similar accuracy.

The previous method has a severe time-step constraint, which results in a costly

computation. By contrast, our proposed scheme requires relatively large time step

sizes of Ds, which greatly reduces the computational costs. In financial markets, it is

Table 6 Comparison between the previous study and the proposed scheme

Scheme Option price Relative error Ns CPU time (s)

Heo et al. (2019) 5.88205486745001 8.2320e-3 1489 98.5294

Proposed 5.87934843996972 8.6883e-3 360 2.5118

(a) (b)

Fig. 9 Schematic diagram of the memory allocation used to find the solution of uðx; sÞ at time s ¼
ðnþ 1ÞDs when applying the proposed method: a early and b later times
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significantly important to compute option prices quickly; hence, this approach may

attract the attention of researchers and financial engineers.

4 Discussion

Owing to the outstanding memory effect of fractional derivatives, fractional order

differential equations have been widely applied to better model the dynamical

phenomena (Nikan and Avazzadeh 2021; Nikan et al. 2021). For this reason, the

following time-fractional BS equation can be used to model the pricing of options

with memory effect (Golbabai & Nikan, 2020):

oau

osa
¼ 1

2
ðrxÞ2 o

2u

ox2
þ rx

ou

ox
� ru; for x[ 0; 0\s� T ; ð9Þ

where 0\a\1 and the time-fractional term is defined as

oau

osa
ðx; sÞ ¼ 1

Cð1� aÞ
d

ds

Z s

0

uðx; T � gÞ � uðx; TÞ
ðs� gÞa dg: ð10Þ

here CðzÞ ¼
R1
0

tz�1e�tdt is the gamma function. Equation (10) can be discretized

as follows (Huang et al. 2019):

1

ðDsÞaCð2� aÞ
Xnþ1

p¼1

½ðnþ 2� pÞ1�a � ðnþ 1� pÞ1�a� upi � up�1
i

� �
: ð11Þ

Let us consider an application of the proposed method to give an economic rationale

for the use of fractional derivatives. Figure 9a and b show schematic diagrams of the

memory allocation and computational nodes to find the solution of uðx; sÞ at time

s ¼ ðnþ 1ÞDs using the proposed method at early and later times, respectively. The

blue dots are nodes needed to compute the solutions of uðx; sÞ at time

s ¼ ðnþ 1ÞDs, which are denoted by red dots. Therefore, the proposed method can

save memory space and computational costs.

For the convenience of calculation, a constant volatility was used in this paper. The

proposedmethod can be used to compute the generalizedBS equationwith a space- and

time-dependent local volatility function. The classical BS Eq. (2) can be generalized to

include the general volatility rðS; tÞ as follows (Kim et al., 2021; Kim & Kim, 2021):

ouðS; sÞ
os

¼ 1

2
rðS; sÞSð Þ2o

2uðS; sÞ
oS2

þ rS
ouðS; sÞ

oS
� ruðS; sÞ;

for ðS; sÞ 2 X� ð0; TÞ. In future work, we will apply our proposed numerical

method to the generalized BS equation to reconstruct a local volatility surface that

practitioners in the financial industry are interested in.
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5 Conclusions

In this study, the fast explicit numerical scheme was presented for the BS model

with no far-field boundary conditions. The Saul’yev-type scheme for the temporal

discretization and non-uniform grids for the underlying asset variable were used;

therefore, practically sufficiently large time steps can be employed. Thus, the

proposed scheme is fast and efficient. In particular, the proposed method is good for

nonlinear boundary profiles such as power options because it does not require far-

field boundary conditions. To confirm the speed and efficiency of the proposed

scheme, various computational experiments were performed. The computational

results confirmed the superior performance of the proposed method. Future research

topics include the extension of the proposed method to high-dimensional BS

equations (Ullah, 2020), nonlinear BS equations (Al-Zhour et al., 2019), high-order

method for BS equations (Hu & Gan, 2018), fractional BS equations (Chen &

Wang, 2020; Golbabai et al., 2019), and Hull–White PDE (Lee & Yang, 2020).

Appendix

The following codes are MATLAB scripts for the European call and powered

options.
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