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Abstract We introduce a normalized time-fractional diffusive predator–prey model that accounts for memory effects

through a novel fractional time scale. Unlike conventional time-fractional models, the proposed formulation uses a

normalized fractional derivative that ensures the total weight of the memory kernel remains unity, which enables a more

consistent interpretation of historical influence across all fractional orders. The model is discretized using a finite difference

scheme and solved via tridiagonal systems. Numerical simulations are performed to study traveling wave solutions and the

dynamics of the system under varying fractional orders. The computational results demonstrate that decreasing the order of

the fractional derivative leads to shorter temporal periods and increased spatial wavelengths in the predator–prey oscil-

lations, while simultaneously reducing the amplitude of population fluctuations. These numerical experiments highlight the

important role of fractional order in controlling the temporal and spatial evolution of ecological systems and emphasize the

advantages of normalization in analyzing such dynamics.
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1. Introduction

The Lotka–Volterra model, introduced by [1, 2] in the early

20th century, is a prominent mathematical tool used to

describe the interactions between two species: the ‘prey’,

which is hunted, and the ‘predator’, which hunts [3]. This

model reveals how the population sizes of both species

affect each other over time through their biological rela-

tionships. The model is also represented by nonlinear dif-

ferential equations, which have been applied in numerous

studies to study various biological and ecological cases [4],

including interactions among susceptible and infectious

populations, plant and herbivore relationships, virus and

immune system interactions, parasite-host relationships,

and resource-consumer dynamics [5]. He et al. [6]

proposed an extreme learning machine technique to solve

the Lotka–Volterra predator–prey system with discrete

delays.

In this study, we focused on the diffusive nature of the

model to handle the spatial heterogeneity of the environ-

ment that influences predator–prey interactions. In this

respect, Swailem and Täuber [3] used a stochastic spatial

Lotka–Volterra model subject to a periodically varying

carrying capacity to investigate the dynamics of predator

and prey by using Monte Carlo simulations. Furthermore,

Arif et al. [7] used the Lyapunov method to find the sta-

bility of the diffusive and non-diffusive predator–prey

systems with consuming resources in which prey is affec-

ted with some infectious disease. Ma et al. [8] applied

Lyapunov–Schmidt reduction method to investigate the

dynamical behavior of a diffusive Lotka–Volterra system

incorporating fear effects, subject to the Neumann bound-

ary conditions. In addition, to investigate the implications

of population heterogeneity for population growth, Waters
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et al. [9] developed logistic and competitive Lotka–Vol-

terra equations by using the Eizi Kuno model.

However, to describe more complex biological or eco-

logical systems which have memory effects [10, 11],

anomalous diffusion [12], and non-local interactions [13], a

simple integer order predator–prey model is not enough.

For such situations we need a non-integer order or frac-

tional-order predator–prey model [4, 5]. Alqhtani et al. [14]

studied spatiotemporal pattern formation in sub-diffusive

predator–prey system with the Caputo fractional derivative.

El-Saka et al. [15] examined the effects of economic profit

and fractional-order derivatives on the local stability of

predator–prey system. In [16], the authors studied the

dynamics of a fractional-order delay differential predator–

prey model that incorporates multiple feedback time delays

and a Holling-type III functional response. Kumar et al.

[17] investigated complex dynamics behavior on time-

fractional predator–prey model. Kashif and Singh [18]

presented a numerical scheme for time-fractional advec-

tion–diffusion-reaction predator–prey model for variable

fractional order. The existence and uniqueness of the

solutions are proved with Ulam–Hyer stability. Das et al.

[19] investigated three-dimensional fractional slow-fast

prey-predator model. Additionally, it is important to

describe the propagation of predators and prey across

space, the spread of disturbances such as diseases or

environmental changes, and the stability of a diffusive

predator–prey system, where traveling waves play a crucial

role [20, 21]. Recently, qualitative and analytical studies on

traveling wave solutions have also been actively investi-

gated in various nonlinear and stochastic partial differential

equations. For instance, Wang and Li [22] analyzed the

dynamics and traveling wave solutions of a stochastic

nonlinear Kodama equation in the Stratonovich sense.

By considering all these factors, we explored the liter-

ature and found very few studies, which provided traveling

wave solutions of the fractional-order predator–prey

model. For example, Choi et al. [23] used the Q-function

method to find the spread of two species by using fractional

coupled reaction-diffusion differential equation and found

the exact solution in the form of traveling wave. Areshi

et al. [24] derived solitary wave solutions for a predator–

prey model using fractional-order derivatives. The solu-

tions were expressed using a variety of functions, including

trigonometric, hyperbolic, exponential, and rational forms

using Mathematica as the primary computational tool.

Tang [25] used fractional-order Lotka–Volterra model to

analyse the existence, uniqueness, and non-negativity of

the system. By applying Laplace transform and Hopf

bifurcation theory of fractional-order dynamical systems,

they found sufficient criteria that guarantee local stability

of the system. Nikolova [26] applied the Simple Equa-

tions Method to derive traveling wave solutions for two

fractional-order partial differential equations that model

predator–prey interactions, incorporating the Allee effect

for both species. Moreover, Mansour [27] employed trav-

eling wave methods to numerically analyze wavefront

pattern formation in a fractional partial differential equa-

tion system influenced by anomalous subdiffusion.

Through computer simulations, it was observed that trav-

eling waves propagate more rapidly in sub-diffusive sys-

tems compared to their normal diffusive, time-dependent

counterparts.

In addition to predator–prey systems, traveling wave

theory for delayed reaction–diffusion models has been

developed in epidemic-type methods. For instance, a

reaction–diffusion addiction epidemic model with dis-

tributed delays shows an R0-threshold phenomenon: when

R0 [ 1, a minimal wave speed c� [ 0 exists and nontrivial

traveling waves occur for c� c�, whereas such waves do

not exist when R0\1 (or when c\c�) [28]. Similar R0-

dependent existence and nonexistence results, together

with minimal-speed characterizations, also appear in

delayed reaction–diffusion SIR models with generalized

incidence, both single-group settings and in heterogeneous

multi-group extensions [29, 30]. From an ecological per-

spective, spatial predator–prey models that include herd

behavior and nonlocal interactions can generate rich spa-

tiotemporal dynamics, such as Turing and Turing–Hopf

instabilities and pattern formation under Neumann bound-

ary conditions. Moreover, fractional-order multi-species

predator–prey methods that account for partial prey escape

from a herd exhibit complex dynamical features, such as

stability switching and bifurcation behavior, and the frac-

tional order plays a decisive role in these phenomena

[31, 32]. These developments motivate a broader view of

time-fractional predator–prey traveling waves. The present

study relates the proposed analysis to delayed and nonlocal

reaction–diffusion wave studies and highlights ecological

mechanisms, such as herd-mediated interactions, that can

alter wave and pattern dynamics.

From the literature, we observed that using a time-

fractional derivative in a predator–prey model poses chal-

lenges in examining the impact of the order parameter a by

making direct comparisons at identical time points due to

the lack of time normalization in the Caputo fractional

derivative [33–35]. To resolve this factor in the present

study, we adopted the normalized time-fractional deriva-

tive. We extend the work of [36, 37], which introduced a

normalized time-fractional diffusion equation, by propos-

ing a novel normalized time-fractional predator–prey

model to study the effects of order parameter a. We

numerically examine the dynamics of species by using a

finite difference method (FDM). The model incorporates a

distinctive time scale that differs from traditional time-

fractional approaches. This time scale clarifies the
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fractional time derivative as a weighted average of the

system’s history, and it ensures the total weight remains

unity for any fractional parameter or time [38]. This

property allows for a precise analysis of how fractional

order influences system behavior. Numerical tests show

that the proposed equation outperforms conventional

approaches and effectively captures complex dynamics.

The remaining part of the paper is organized as follows:

Section 2 presents the mathematical equation, while in

Sect. 3, computational scheme is developed to give

numerical solution and in Sect. 4 numerical experiments

are performed by using an algorithm and finally, the con-

clusion is provided in Sect. 5.

2. The governing system

For the non-negative population densities of prey and

predator, denoted by u(x, t) and v(x, t) respectively, at

position x and time t, the governing system is given as

follows:

oauðx; tÞ
ota

¼Duðx; tÞ þ uðx; tÞð1 � uðx; tÞÞ � cuðx; tÞvðx; tÞ
1 þ cuðx; tÞ ;

ð1Þ
oavðx; tÞ

ota
¼rDvðx; tÞ þ cuðx; tÞvðx; tÞ

bð1 þ cuðx; tÞÞ

� vðx; tÞ
ab

; x 2 X; t[ 0;

ð2Þ

where a, b, c, and r are positive dimensionless parameters.

Here X ¼ ðLx; RxÞ is the domain and the normalized time-

fractional derivative is defined as follows [36, 39, 40]:

oaf ðx; tÞ
ota

¼ 1 � a
t1�a

Z t

0

of ðx; sÞ
os

ds

ðt � sÞa ; 0\a\1; ð3Þ

where the factor ð1 � aÞ=t1�a is a normalization constant

ensuring that

1 � a
t1�a

Z t

0

ds

ðt � sÞa ¼ 1: ð4Þ

From Eq. (4), we define the weight function wt
aðsÞ as

wt
aðsÞ ¼

1 � a
t1�aðt � sÞa ;

which satisfies the normalization condition [41]:
Z t

0

wt
aðsÞds ¼ 1:

The governing system (1)–(2) possesses equilibrium points

at (0, 0), (1, 0) and ð�u; �vÞ, where �u and �v are specified as

�u ¼ 1

cða� 1Þ and �v ¼ ð1 � �uÞð1 þ c�uÞ
c

:

In order to ensure the positivity of �u and �v, it is required

that a[ 1. The boundary conditions on oX are zero

Dirichlet and Neumann boundary conditions at the left

endpoint x ¼ Lx and right end point x ¼ Rx, respectively:

uðLx; tÞ ¼ vðLx; tÞ ¼ 0 and
ouðRx; tÞ

ox
¼ ovðRx; tÞ

ox
¼ 0:

ð5Þ

The homogeneous Dirichlet boundary condition implies

that both the predator and prey populations are zero at the

boundary, while the homogeneous Neumann boundary

condition indicates that there is no flux across the

boundary.

3. Numerical solutions

The computational domain X ¼ ðLx;RxÞ is discretized as

follows: Xh ¼ fxijxi ¼ Lx þ ði� 1Þh; 1� i�Nxg, where

h ¼ ðRx � LxÞ=ðNx � 0:5Þ, see Fig. 1.

We define uni ¼ u xi; tnð Þ, vni ¼ v xi; tnð Þ, and

tn ¼ ðn� 1ÞDt, where Dt represents the time step. Equa-

tion (3) can be approximated using the following quadra-

ture formula:

oaf ðxi; tnþ1Þ
ota

¼ 1 � a

t1�a
nþ1

Xn
p¼1

Z tpþ1

tp

of ðxi; sÞ
os

ds

ðtnþ1 � sÞa

�
Xn
p¼1

1 � a

t1�a
nþ1

Z tpþ1

tp

ds

ðtnþ1 � sÞa
f pþ1
i � f pi

Dt

ð6Þ

¼
Xn
p¼1

ðnþ 1 � pÞ1�a � ðn� pÞ1�a

n1�a

f pþ1
i � f pi

Dt
; ð7Þ

where of ðxi; sÞ=os over an interval ½tp; tpþ1� is

approximated using the finite difference ðf pþ1
i � f pi Þ=Dt in

Eq. (6). As a result, we derive the following FDM using the

formula (7):

Xn
p¼1

wn
p

upþ1
i � upi
Dt

¼
unþ1
i�1 � 2unþ1

i þ unþ1
iþ1

h2
þ Fn

i ; ð8Þ

Xn
p¼1

wn
p

vpþ1
i � vpi
Dt

¼r
vnþ1
i�1 � 2vnþ1

i þ vnþ1
iþ1

h2
þ Gn

i ; ð9Þ

where wn
p ¼ ½ðnþ 1 � pÞ1�a � ðn� pÞ1�a�=n1�a is a

discrete weight parameter,
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Fn
i ¼ uni ð1 � uni Þ �

cuni v
n
i

1 þ cuni
; and Gn

i ¼
cuni v

n
i

bð1 þ cuni Þ
� vni
ab

:

ð10Þ

For any value of n, the weight parameter wn
p satisfies the

following relation:
Pn

p¼1 w
n
p ¼ 1: Equations (8) and (9) can

then be reformulated as follows:

� 1

h2
unþ1
i�1 þ wn

n

Dt
þ 2

h2

� �
unþ1
i � 1

h2
unþ1
iþ1

¼ wn
n

Dt
uni þ Fn

i �
Xn�1

p¼1

wn
p

upþ1
i � upi
Dt

;

ð11Þ

� r
h2

vnþ1
i�1 þ wn

n

Dt
þ 2r

h2

� �
vnþ1
i � r

h2
vnþ1
iþ1

¼ wn
n

Dt
vni þ Gn

i �
Xn�1

p¼1

wn
p

vpþ1
i � vpi
Dt

:

ð12Þ

Equations (11) and (12) are tridiagonal systems with zero

Dirichlet and Neumann boundary conditions and the

Thomas algorithm [42] can be employed to obtain the

solution of this system efficiently [43]. Consequently, the

vector unþ1 for the numerical solutions is obtained by

solving the following tridiagonal system:

Aunþ1 ¼ f;

where A is a tridiagonal matrix imposing zero Dirichlet

boundary conditions at x ¼ Lx (unþ1
1 ¼ 0) and zero

Neumann boundary conditions at x ¼ Rx ðunþ1
Nxþ1 ¼ unþ1

Nx
Þ:

Fig. 1 Discrete domain

A ¼

wn
n

Dt
þ 2

h2
� 1

h2
0 � � � 0 0 0

� 1

h2

wn
n

Dt
þ 2

h2
� 1

h2
� � � 0 0 0

0 � 1

h2

wn
n

Dt
þ 2

h2
� � � 0 0 0
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. ..
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. . .
. ..
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. ..

.

0 0 0 � � � � 1

h2

wn
n

Dt
þ 2

h2
� 1

h2

0 0 0 � � � 0 � 1

h2

wn
n

Dt
þ 1

h2

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

;

unþ1 ¼

unþ1
2

unþ1
3

..

.

unþ1
Nx

0
BBBBB@

1
CCCCCA
; and f ¼

wn
nu

n
2=Dt � Fn

2

wn
nu

n
3=Dt � Fn

3

..

.

wn
nu

n
Nx
=Dt � Fn

Nx

0
BBBBB@

1
CCCCCA
:
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Here, Fn
i ¼

Xn�1

p¼1

wn
pðu

pþ1
i � upi Þ=Dt. Similarly, we solve the

tridiagonal system Bvnþ1 ¼ g, where B is a tridiagonal

matrix imposing zero Dirichlet at x ¼ Lx (vnþ1
1 ¼ 0) and

zero Neumann boundary condition at x ¼ Rx

ðvnþ1
Nxþ1 ¼ vnþ1

Nx
Þ

B ¼

wn
n

Dt
þ 2r

h2
� r
h2

0 � � � 0 0 0

� r
h2

wn
n

Dt
þ 2r

h2
� r
h2

� � � 0 0 0

0 � r
h2

wn
n

Dt
þ 2r

h2
� � � 0 0 0

..

. ..
. ..

. . .
. ..

. ..
. ..

.

0 0 0 � � � � r
h2

wn
n

Dt
þ 2r

h2
� r
h2

0 0 0 � � � 0 � r
h2

wn
n

Dt
þ r
h2

0
BBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCA

;

vnþ1 ¼

vnþ1
2

vnþ1
3

..

.

vnþ1
Nx

0
BBBBB@

1
CCCCCA
; and g ¼

wn
nv

n
2=Dt � Gn

2

wn
nv

n
3=Dt � Gn

3

..

.

wn
nv

n
Nx
=Dt � Gn

Nx

0
BBBBB@

1
CCCCCA
:

Here, Gn
i ¼

Xn�1

p¼1

wn
pðv

pþ1
i � vpi Þ=Dt. This numerical algo-

rithm provides an efficient method for computing time-

fractional predator–prey dynamics and offers a consistent

approach that accounts for the temporal memory effects

inherent in the model. For future work, we will adopt a

high-order stable numerical scheme to further improve the

numerical stability and to use larger time step sizes [44].

4. Numerical experiments

We study the effect of the normalized fractional time

derivative on the traveling wave solutions of the one-di-

mensional predator–prey model. In the following numeri-

cal experiments, we use the following fixed

nondimensionalized parameters a ¼ 1:8, b ¼ 1:2, c ¼ 4:9,

and r ¼ 2:5.

4.1. Kinetic system

A traveling wave solution can exist when the kinetic sys-

tem without diffusion terms exhibits a stable limit cycle.

To investigate the existence of the traveling wave solution

of the predator–prey model, we examine the following

kinetic system:

oauðtÞ
ota

¼f ðu; vÞ ¼ uðtÞð1 � uðtÞÞ � cuðtÞvðtÞ
1 þ cuðtÞ ; ð13Þ

oavðtÞ
ota

¼gðu; vÞ ¼ cuðtÞvðtÞ
bð1 þ cuðtÞÞ �

vðtÞ
ab

: ð14Þ

To analyze the stability of the equilibrium points: (0, 0),

(1, 0), and ð�u; �vÞ, we linearize the kinetic system (13)–(14)

using the following Jacobian matrix [45]

Jðu; vÞ ¼
fuðu; vÞ fvðu; vÞ
guðu; vÞ gvðu; vÞ

� �
;

with

fuðu; vÞ ¼1 � 2u� cv
1 þ cu

þ c2uv

ð1 þ cuÞ2
;

fvðu; vÞ ¼ � cu
1 þ cu

;

guðu; vÞ ¼
cv

bð1 þ cuÞ2
;

gvðu; vÞ ¼
cu

bð1 þ cuÞ �
1

ab
:

The eigenvalues of the Jacobian matrix J are roots of the

characteristic polynomial

detðkI � JÞ ¼ k2 � ðtr JÞkþ det J;

where det J and tr J are the determinant and the trace of the

Jacobian matrix J, respectively. Hence,

k1;2 ¼
tr J �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtr JÞ2 � 4 det J

q

2
:

For the equilibrium point (0, 0), the Jacobian matrix is

given by

Jð0; 0Þ ¼
1 0

0 � 1

ab

0
@

1
A:

The corresponding eigenvalues are k1 ¼ 1 and

k2 ¼ �1=ðabÞ. Since one eigenvalue is positive and the

other is negative, the equilibrium point (0, 0) is a saddle

point and hence unstable. For the equilibrium point (1, 0),

the Jacobian matrix is

Jð1; 0Þ ¼
�1 � c

1 þ c

0
c

bð1 þ cÞ �
1

ab

0
BB@

1
CCA:

The eigenvalues of the matrix are

k1 ¼ �1 and k2 ¼ c
bð1 þ cÞ �

1

ab
:

Therefore, the stability depends on the sign of k2. If
c

1þc [
1
a, then k2 [ 0 and (1, 0) is a saddle point;

otherwise, it is locally asymptotically stable. Finally, for

the equilibrium point ð�u; �vÞ, the Jacobian matrix is given by
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Jð�u; �vÞ ¼

1

a
� aþ 1

acða� 1Þ � 1

a

cða� 1Þ � 1

abc
0

0
BB@

1
CCA;

the determinant of the Jacobian matrix at ð�u; �vÞ is given by

det Jð�u; �vÞ ¼ cða� 1Þ � 1

a2bc
:

Hence, for a[ 1 and b[ 0, we have det Jð�u; �vÞ[ 0. In

particular, if

ðtr ; Jð�u; �vÞÞ2 � 4 det Jð�u; �vÞ\0;

then the eigenvalues form a complex conjugate pair and

ð�u; �vÞ is a focus. Moreover, a Hopf bifurcation occurs when

tr Jð�u; �vÞ ¼ 0. The system undergoes Hopf bifurcation at

tr Jð�u; �vÞ ¼ 1

a
� aþ 1

a cða� 1Þ ¼ 0 () c ¼ aþ 1

a� 1
:

Therefore, when c crosses the critical value cH ¼ aþ 1

a� 1
ða[ 1Þ, the equilibrium point ð�u; �vÞ changes stability

through a Hopf bifurcation.

The kinetic system given by Eqs. (13) and (14) is dis-

cretized as follows:

Xn
p¼1

wn
p

upþ1 � up

Dt
¼Fn; ð15Þ

Xn
p¼1

wn
p

vpþ1 � vp

Dt
¼Gn; ð16Þ

where un ¼ uðnDtÞ, vn ¼ vðnDtÞ,

Fn ¼ unð1 � unÞ � cunvn

1 þ cun
; and Gn ¼ cunvn

bð1 þ cunÞ �
vn

ab
:

By using Eqs. (15) and (16), the numerical solution can be

explicitly obtained as

unþ1 ¼ un þ Dt
wn
n

Fn �
Xn�1

p¼1

wn
p

upþ1 � up

Dt

 !
;

vnþ1 ¼ vn þ Dt
wn
n

Gn �
Xn�1

p¼1

wn
p

vpþ1 � vp

Dt

 !
:

Based on the linear stability analysis, when the parameter c
crosses cH , the equilibrium point ð�u; �vÞ loses stability

through a Hopf bifurcation, leading to the emergence of

periodic oscillations. To illustrate this bifurcation structure,

we consider two representative cases: c\cH and c[ cH .

For the given parameter a ¼ 1:9, Fig. 2(a) shows tr Jð�u; �vÞ
for c. Figure 2 illustrates the phase portraits of the preda-

tor–prey system for different fractional orders a ¼ 0:96,

0.98, and 1. Here, the initial condition is given as

ðuð0Þ; vð0ÞÞ ¼ ð�u� 0:05; �vÞ. When c ¼ 3\cH , the equi-

librium point remains stable, and the trajectories spiral

toward ð�u; �vÞ for all tested values of a. In contrast, for

c ¼ 4[ cH , a stable limit cycle emerges, which confirms

the occurrence of a Hopf bifurcation. As the fractional

order a decreases, noticeable changes appear in the size

and shape of the limit cycles, which indicates that the

fractional-order dynamics modulate the amplitude and

spatial extent of the oscillations and preserve the qualita-

tive bifurcation structure.

Figure 3 illustrates the phase portraits originating from

two distinct initial points, ðu; vÞ ¼ ð�u� 0:05; �vÞ and

ðu; vÞ ¼ ð�uþ 0:65; �vÞ, governed by different fractional

orders a ¼ 1, a ¼ 0:98, a ¼ 0:96, a ¼ 0:94. The red square

markers denote the equilibrium point ð�u; �vÞ and the blue

solid line in each subfigure represents the stable limit cycle,

which demonstrates the periodic behavior toward which

trajectories converge over time. Figure 4 shows superim-

posed limit cycles from Fig. 3 with the directional field for

four different fractional orders: a ¼ 1, a ¼ 0:98, a ¼ 0:96,

and a ¼ 0:94. The computational results shown in Figs. 3

and 4 highlight the effect of the fractional order a on the

shape and size of the limit cycle and show that, as a
decreases, the limit cycle becomes smaller and shifts closer

to ð�u; �vÞ, which indicates changes in the system dynamics.

Figure 5 illustrates the temporal evolution of the state

variables u(t) and v(t) in the ordinary kinetic system for

fractional orders a ¼ 1, 0.98, 0.96, and 0.94. Here,

Dt ¼ 0:02, and the initial values are set as uð0Þ ¼ �u� 0:05

and vð0Þ ¼ �v for the computational tests. In all cases, the

system exhibits periodic behavior, but the period and

amplitude of the oscillations are influenced by the frac-

tional order. The results in Fig. 5 demonstrate the oscilla-

tions of the system become progressively faster, with

shorter periods and reduced amplitudes. This suggests that

as the fractional order a decreases, the period of the solu-

tion in the predator–prey model is expected to shorten. To

quantitatively characterize the key phenomena shown in

Fig. 5, we investigate the period and amplitude of the

numerical solutions using the following definitions. The

initial transient regime is excluded by restricting the

analysis to the time interval t	 ttrans, where a fixed time

ttrans ¼ 40 is used. Let w(t) denote the numerical solution in

a transient regime t	 ttrans. We detect the local maxima of

w(t) in this regime and denote the times of the first two

successive local maxima by t1 and t2. The numerical period

is defined as the time difference between these two suc-

cessive maximum as

0Pw :¼ t2 � t1:

For the same transient regime t	 ttrans, the numerical

amplitude of w(t) is defined as
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Fig. 2 (a) Trace of the Jacobian

matrix tr Jð �u; �vÞ as a function of

c, showing the critical value cH
at which a Hopf bifurcation

occurs. (b)–(c) Phase portraits

for c ¼ 3 and c ¼ 4,

respectively for different

fractional orders a

Fig. 3 Phase portraits

originating from two distinct

initial points, ðu; vÞ ¼
ð �u� 0:05; �vÞ and ðu; vÞ ¼ ð �uþ
0:65; �vÞ shown for directional

fields with four different

fractional orders: (a) a ¼ 1, (b)

a ¼ 0:98, (c) a ¼ 0:96, and (d)

a ¼ 0:94. Here, the red square

marker denotes ð �u; �vÞ, and the

blue solid line indicates the

stable limit cycle

Traveling wave solutions for a normalized time-fractional 3363



Aw :¼ wmax � wmin;

where wmax ¼ maxt	 ttrans
wðtÞ and wmin ¼ mint	 ttrans

wðtÞ.
Using these definitions, the numerical periods and ampli-

tudes of u(t) and v(t) for different fractional orders a are

summarized in Table 1. Table 1 shows that the fractional

order a has a clear influence on the dynamics of the kinetic

system. As a decreases, the numerical period of the oscil-

lations decreases monotonically for both u(t) and v(t),

which indicates a shortening of the oscillation cycle. At the

same time, the oscillation amplitudes Au and Av also

decrease with decreasing a, and this result reflects a pro-

gressive suppression of the magnitude of the cycle.

4.1.1. Comparison with the classical Caputo fractional

order model

We present a direct numerical comparison between the

proposed normalized time-fractional model and the clas-

sical Caputo time-fractional model to clarify the practical

impact of normalization. For comparison, the classical

Caputo time-fractional kinetic system is given by

Fig. 4 Superimposed limit cycles with the directional field for four

different fractional orders: a ¼ 1, a ¼ 0:98, a ¼ 0:96, and a ¼ 0:94.

Here, the red square marker represents the equilibrium point ð �u; �vÞ

Fig. 5 Temporal evolution of

u(t) and v(t) for the ordinary

differential kinetic system under

different fractional orders: (a)

a ¼ 1, (b) a ¼ 0:98, (c)

a ¼ 0:96, and (d) a ¼ 0:94

Table 1 Numerical periods and amplitudes of u and v for various

fractional orders a obtained from the kinetic system shown in Fig. 5

a Pu Pv Au Av

1.00 21.90 22.42 0.83 0.52

0.98 18.42 18.86 0.75 0.48

0.96 16.24 16.36 0.67 0.44

0.94 14.26 14.42 0.58 0.39
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o�auðtÞ
ot�a

¼uðtÞð1 � uðtÞÞ � cuðtÞvðtÞ
1 þ cuðtÞ ;

o
�avðtÞ
ot�a

¼ cuðtÞvðtÞ
bð1 þ cuðtÞÞ �

vðtÞ
ab

;

where o
�a=ot�a denotes the Caputo time-fractional derivative

of order �a 2 ð0; 1Þ. The numerical experiment is performed

for the fractional order �a ¼ 0:94, using the same initial

conditions, time step size, and kinetic parameters as those

adopted for the normalized formulation in Sect. 4.1.

Figure 6(a) shows the phase portrait obtained from the

Caputo time-fractional system. Compared with the nor-

malized result shown in Fig. 3(d), the Caputo-based tra-

jectory exhibits a visibly distorted limit cycle and a slower

convergence toward the periodic orbit. This indicates that

the phase-space structure is more sensitive to the accu-

mulated memory effect in the Caputo formulation. The

corresponding temporal evolution of u(t) and v(t) computed

using the Caputo derivative is shown in Fig. 6(b). Although

oscillatory behavior persists, the Caputo-based solution

shows a delayed convergence to the periodic orbit in the

long-time regime when compared with the normalized

result in Fig. 5(d). In contrast, the normalized time-frac-

tional model approaches the periodic state more efficiently

and exhibits a stable periodic behavior over the same time

interval.

These results confirm that the normalized time-frac-

tional model reduces excessive memory accumulation and

provides a more efficient and robust description of long-

time oscillatory behavior in the time-fractional predator–

prey system.

4.2. Reaction-diffusion system

Next, we study the periodic traveling wave solution of the

governing system (1)–(2). Figure 7 illustrates the spa-

tiotemporal evolution of the periodic traveling wave solu-

tion for the prey and predator populations, denoted by u

and v, respectively, for the one-dimensional predator–prey

model with different fractional orders: a ¼ 1, a ¼ 0:98,

a ¼ 0:96, and a ¼ 0:94. We note that (a) a ¼ 1 corre-

sponds to the classical system, while (b) a ¼ 0:98, (c)

a ¼ 0:96, and (d) a ¼ 0:94 represent fractional-order

dynamics. Here, the period of the solution is defined as the

time interval between a given solution at a specific time at

t ¼ T0 and the closest subsequent time at which the solu-

tion matches again during its evolution. The initial values

are set as uðx; 0Þ ¼ 2�u and vðx; 0Þ ¼ 2�v. The numerical

parameters used are Nx ¼ 150 and Dt ¼ 0:05h2=r.

To quantitatively characterize the spatial wavelength

and amplitude of the traveling wave solutions shown in

Fig. 7, we introduce the following definitions. At a refer-

ence time t ¼ T0, the spatial wavelengths ku and kv for u

and v are defined as the peak-to-peak spacing of the solu-

tion profile over the spatial domain. These spacings are

illustrated by the blue line in Fig. 7(a)–(c). The amplitudes

for u and v are defined as the spatial peak-to-peak values,

Au :¼max
x

uðx; T0Þ � min
x

uðx; T0Þ;

Av :¼max
x

vðx; T0Þ � min
x

vðx; T0Þ:

Table 2 lists the numerical spatial periods and amplitudes

of u(t) and v(t) for different fractional orders a obtained

from the numerical solutions shown in Fig. 7.

Compared with the classical derivative, it can be

observed that as the fractional order a decreases, the tem-

poral period of the traveling wave solution becomes

shorter. This result is consistent with the expected behavior

derived from the kinetic system solution. On the other

hand, from a spatial perspective, examining the solution

profiles reveals that as a decreases, the wavelength

increases while the amplitude decreases. This indicates that

the fractional order not only affects the temporal period but

also the spatial structure of the solutions.

To examine the robustness of the fractional order effect

with respect to parameter variations, we conduct a

parameter test focusing on the predation rate parameter c.

From the bifurcation analysis in Sect. 4.1, the kinetic

Fig. 6 Numerical results

obtained using the classical

Caputo time-fractional

derivative with �a ¼ 0:94.

(a) Phase portrait of the kinetic

system. (b) Temporal evolution

of u(t) and v(t)
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system has a Hopf bifurcation at the critical value

cH ¼ ðaþ 1Þ=ða� 1Þ, where a stable limit cycle exists.

This bifurcation structure provides a theoretical foundation

for the existence of periodic traveling wave solutions in the

reaction-diffusion system. Based on this analysis, we

consider an alternative parameter setting with c ¼ 4, while

keeping the remaining parameters fixed as a ¼ 1:8,

b ¼ 1:2, and r ¼ 2:5. Since c ¼ 4[ cH , the kinetic system

still admits a limit cycle. Figure 8 shows the corresponding

traveling wave solutions for different fractional orders. The

numerical results in Fig. 8 demonstrate that, even with a

reduced value c, the influence of the fractional order

remains unchanged: decreasing a consistently leads to a

shortening of the temporal period of the traveling waves,

accompanied by an increase in spatial wavelength and a

Fig. 7 Periodic traveling wave

solutions of the one-

dimensional predator–prey

model for different values of the

fractional orders: (a) a ¼ 1, (b)

a ¼ 0:98, (c) a ¼ 0:96, and (d)

a ¼ 0:94. The left and right

columns represent u and v,

respectively. Here, the

parameters are fixed as a ¼ 1:8,

b ¼ 1:2, c ¼ 4:9, and r ¼ 2:5

Table 2 Numerical spatial periods and amplitudes of u and v for

various fractional orders a obtained from the kinetic system shown in

Fig. 7

a ku kv Au Av

1.00 78.26 74.25 0.79 0.51

0.98 93.31 85.28 0.72 0.47

0.96 114.38 97.32 0.65 0.47
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reduction in amplitude. This indicates that a decrease in the

fractional order a results in a shorter period, and that this

behavior is preserved for different values of c within the

parameter regime where a stable limit cycle exists.

5. Conclusions

We proposed the normalized time-fractional diffusive

predator–prey system and conducted numerical investiga-

tions of its dynamics. Compared to the conventional time-

fractional model, the proposed model ensures that the sum

of the weights remains unity for all fractional parameters,

and provides a more consistent interpretation of subdiffu-

sion effects in predator–prey interactions. The proposed

model is discretized and solved by using the FDM.

Through numerical experiments, we analyzed the differ-

ences in performance between the normalized and con-

ventional time-fractional predator–prey models. The results

without diffusion demonstrated that as the fractional order

a decreases, the period of oscillations shortens, while the

amplitude of population fluctuations decreases.

Additionally, we observed that the spatial structure of

traveling wave solutions is significantly affected by the

fractional order, with increasing wavelengths and dimin-

ishing amplitudes as a decreases. These findings indicate

that fractional order plays a crucial role in shaping the

temporal and spatial evolution of predator–prey

interactions.
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